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 Soils deform as they receive loads from a supported structure. Deformations at the 
foundations cause the distribution of the loads within the structure to change, thus changing the 
loads applied to the foundations. This set of behaviors is known as soil-structure interaction. 
There is a need for accurate and computationally efficient means to simulate soil-structure 
interaction. 
 This study investigates the suitability of a novel macroelement model to simulate soil-
structure interaction using associative plasticity. The proposed model replaces the soil continuum 
with a set of elastoplastic springs at each foundation which provide generalized force-
displacement behavior.   
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Most civil engineering structures are founded on the ground. During analysis most 
structures are modeled with some form of fixed boundary conditions, but this is not always a 
realistic assumption. Structures distribute applied loads to the ground through foundations. The 
ground at the foundations will displace in reaction to the loads. The movement of the foundations 
causes a redistribution of forces within the structure, causing further changes to the 
displacements of the foundation. This combination of behaviors is known as soil-structure 
interaction which can produce either beneficial or detrimental effects to structural performance. 
Introducing soil-structure interaction during analysis introduces additional flexibility and 
damping behavior that had not been previously considered. The additional flexibility lengthens 
the natural periods of the analyzed structure which can result in a reduction in the shear demand. 
Therefore, for some structures, soil-structure interaction is beneficial or insignificant and can be 
safely neglected. However, in some cases neglecting soil-structure interaction is non-
conservative and can result in unanticipated failure. This is particularly the case for heavy 
structures on soft soils, and on structures that must operate in a narrow range of natural 
frequencies such as the wind power generation towers. Severe damage due to soil-structure 
interaction has been observed in several recent earthquakes. Mylonakis et al. (2000) showed that 
soil-structure interaction contributed to the collapse of the Hanshin expressway during the 1995 
Kobe earthquake. Daniel and Velesos (1987) cataloged the detrimental effect of soft soil 
underneath buildings in Mexico City during the 1985 earthquakes. Celebi (1997) documented the 
prominent role soil-structure interaction played in the performance of several high-rise structures 
during the 1989 Loma Prieta earthquake. 
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There are several difficulties in developing an accurate approximation for soil-structure 
interaction effects; as a result, soil-structure interaction is often ignored. First, soil-structure 
interaction is a set of coupled behaviors which include inertial interaction effects, kinematic 
interaction effects, and soil-foundation flexibility effects. Inertial interaction is defined as the 
inertia of a vibrating structure developing shear and bending moment reactions at the foundation. 
Kinematic interaction describes the behavioral differences between the foundation motion and 
the ground material. Soil-foundation flexibility accounts for deformations that occur in the 
foundation itself. Additionally, the soil underneath the foundation is a nonlinear material. Soil is 
a multiphase, nonhomogeneous, anisotropic material and its behavior changes with stress history, 
compaction, and environmental changes such as temperature and moisture content. Therefore, 
soil exhibits a nonlinear response to loading. Finally, it is difficult to conduct repeatable physical 
experiments given the challenges of soil as an engineering material, the scale effects, the 
boundary effects (especially for dynamic tests), the specialized testing equipment, and the high 
cost of testing. In summary, soil-structure interaction represents a problem of great difficulty due 
to complex nonlinear behavior and a dearth of experimental data. 
 There are several approaches within the literature for modeling soil-structure interaction 
effects. The methods can generally be divided into three possibilities: 
1. Continuum analysis, in which the interaction is simulated by modeling the soil 
volume using nonlinear two, or three, dimensional finite element models. 
2. Beam-on-Winkler foundations, where the foundation is simulated as a mesh of beam 
elements resting on decoupled, zero-length springs. 
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3. Macroelement models, in which the behavior of a foundation is condensed into a 
single six degree of freedom element comprised of coupled nonlinear springs with 
generalized forces. 
 There are benefits and disadvantages to each approach, typically pivoting on a tradeoff of 
computational complexity and accuracy. Continuum analysis can yield the most accurate results 
but is also computationally expensive due to the relatively large number of elements which must 
be included in analysis. Beam-on-Winkler foundations are computationally efficient; but, fail to 
account for the nonlinear coupled behavior of soil-structure interaction. Macroelement models 
can reproduce the coupled nonlinear interaction without requiring many additional elements. 
 The macroelement is a force-based super-element which can be used in combination with 
typical beam-rod elements to model structural behavior. In Figure 1.1, an example structure is 
depicted; in Figure 1.2, the structure has been discretized into several beam and column elements 
and four soil-structure macroelements, identified as the thicker elements at the bottom of the 
structure. The macroelement, being force-based, can share the same degrees of freedom of any 
beam-rod element. The macroelement condenses all nonlinear and difficult to model behavior 
into a single element. 
 




Figure 1.2 Discretized structure for finite element analysis. The mesh employs beam-rod 
elements to model the behavior of the columns and beams of the structure, and the soil-
structure interaction macroelement to model the combined behavior of the soil and 
foundation. 
 Researchers typically develop macroelement models by extending a general plasticity 
model to account for a generalized force-displacement relationship. In this way the complex 
coupled behavior of the foundation and underlying soil is reduced into a single element. Previous 
work into the development of a macroelement has relied on the use of nonassociative plasticity 
in order to account for compressive and expansive effects that can occur during shear and 
moment loading of a foundation. 
 In this study, a new formulation of a macroelement is proposed by extending a previously 
developed elastoplastic associative model for dilatant soils for continuous media into the concept 
of a force-based super-element, which reduces the complexity of developing macroelement 
models. The main objectives of this work are to produce a model with theoretically based 
parameters which approximates real-world observations and is useful for the purposes of 




1.1 Thesis Outline 
 This thesis progresses by developing a macroelement model for the simulation of soil-
structure interaction from plasticity theory principles. It then validates the model using available 
experimental data. Then demonstrates that the model can be used for dynamic analysis of 
structures which are impacted by soil-structure interaction concerns. 
 The thesis is structured in the following manner: 
• Chapter 2 Literature Review 
This chapter provides an overview of the history of analyzing footing behavior, 
the availability of experimental results for real foundation load cycles, 
approximating the failure surface for a foundation, and means of simulating soil-
structure interaction. 
• Chapter 3 Overview of Plasticity 
The chapter provides a general summary of the theory of plasticity.  
• Chapter 4 Model Development 
This chapter develops the proposed macroelement model and includes discussion 
regarding mechanisms which enable the faithful reproduction of experimental 
observations. 
• Chapter 5 Model Calibration 
This chapter discusses the origin and application of parameters used to define the 
macroelement model. 
• Chapter 6 Model Verification and Validation 
This chapter performs a parametric study to demonstrate how the behavior of the 
model is changed as the parameters are varied. Then the model is adjusted so that 
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it reflects the experimental inputs on two different physical experiments. The 
model is used to reproduce the physical experiments and the results are compared. 
• Chapter 7 Dynamic Analysis 
This chapter demonstrates that the model can be applied for a wind-tower turbine 
and how the behavior of the turbine is changed by considering soil-structure 
interaction during simulation. 
• Chapter 8 Conclusions 
Finally, this chapter describes the novel and original contribution produced 






 This chapter presents a brief literature review covering the subjects of foundation design, 
load-displacement experimental data for foundations, and the historic and present state-of-the-art 
of macroelement modeling for soil-structure interaction. 
2.1 Traditional Foundation Modeling 
 Historically, the predominant focus for the evaluation of foundation behavior has been to 
estimate the ultimate capacity and serviceability limit state of a foundation under some 
combination of loading. Meyerhof (1963), Brinch Hansen (1970), and Vesic (1973) all produced 
empirical methods for determining the ultimate strength of a foundation and are useful for 
predicting the failure of a foundation. The ability to estimate the failure of a foundation is useful 
for designing and constructing foundations safely. However, these techniques cannot provide any 
estimation for the load-displacement behavior of the foundation and therefore are not appropriate 
for use within a numerical analysis program. 
2.2 Failure Criteria 
 The failure criteria of a foundation are all the combinations of forces and moments which 
causes the foundation to fail. This is an important concept in the development of a macroelement 
soil-structure interaction model as it is used to inform the ultimate limit state for the foundation. 
 It is possible to construct a failure criteria by evaluating one of the classical models for 
multiple combinations of eccentricity and inclination. However, several different models have 
been introduced in the literature which consider differences in soil material, foundation stiffness, 
and foundation shape (Georgiadis and Butterfield (1988), Nova and Montrasio (1991), Gottardi 
and Butterfield (1993). Figures 2.1, 2.2, and 2.3 present several failure surfaces for comparison. 
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The failure surfaces are presented in a scaled sense; the compression, or normal force, scales 
from zero at an unloaded condition to one at the ultimate load for the foundation assuming zero 
eccentricity or inclination of load, shear and bending moment are scaled as a proportion of the 
ultimate vertical load. The relationship between ultimate shear force and moment demonstrated 
in Figure 2.3 Comparison of failure surfaces in the 𝑀 − 𝐻 plane. is evaluated at half of the 
maximum vertical force. 
 
 




Figure 2.2 Comparison of failure surfaces in the 𝑁 − 𝑀 plane. 
 
Figure 2.3 Comparison of failure surfaces in the 𝑀 − 𝐻 plane. 
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2.3 Experimental Results 
Gottardi et al. (1998) performed experiments into the load-displacement relationships for 
circular foundations on sand. The foundation used in these experiments is a small scale (0.1 m) 
steel footing. The experiments tested a wide variety of load paths in order to develop a 
comprehensive yield surface of the foundation.  
 The TRISEE project was conducted between 1997 and 1998 at the JRC, ELSA laboratory 
located in Ispra, Italy. This project conducted a sequence of quasi-static cyclic loading tests on a 
1 m square footing with two different soil densities. During the load cycles the vertical force was 
held constant while a horizontal force was applied cyclically to induce shear and bending 
moment at the soil foundation interface. The TRISEE experiments were conducted in three 
phases of increasing intensity. The low-density soil did not exhibit uplift for the severe loading 
condition, however did exhibit a local failure during reloading. A detailed description of this 
project is presented in Negro et al (1998), and further analysis was presented in Negro et al. 
(2000) and Faccioli et al. (2001). 
 The results of these experiments are analyzed alongside the macroelement simulation of 
the experiment in Chapter 6 of this thesis. 
2.4 Simulation of Soil-Structure Interaction Behavior 
2.4.1 Continuum Analysis 
 Continuum analysis models the foundation soil as an elastic or inelastic continuum 
(Figure 2.4). While this method can deliver high accuracy estimations, it does so at the expense 
of increased computational and modeling efforts due to the many elements which are required to 
achieve accurate results. While this approach is a significant research tool, it is not often 




Figure 2.4 Demonstration of a finite element mesh configuration for which might be used 
to solve a soil-structure interaction problem. This demonstrates the increased number 
degrees of freedom required to model the soil continuum. 
 Borja and Wu (1994) used a bounding surface plasticity model to represent the three-
dimensional half space continuum of the soil and demonstrated that the nonlinear effects of the 
soil influence the dynamic response of vibrating foundations.  Jeremic et al. (2009) evaluated the 
soil-foundation-structure interaction for a prototype bridge on variable soil, representing each of 
the three foundations using a continuum model. The model employed over 1.6 million degrees of 
freedom. Saez et al. (2013) investigated the inelastic dynamic soil-structure interaction through a 
substructuring approach which failed to account for the interaction which occurs between the soil 
and the structure by solving the problem as a one-dimensional wave propagation problem to 
determine the vibration at the base of the structure and then solving the response of the structure 
as a fixed-base problem. 
34 
 
2.4.2 Beam-on-Winkler Foundation Models 
 Beam-on-Winkler foundation models use a mesh of beam elements situated on 
decoupled, zero-length, one-dimensional springs to simulate the behavior of the footing and 
model soil-foundation interaction (Figure 2.5). Beam-on-Winkler foundations were first 
proposed by Winkler (1867); Hetényi (1946) provided constraint to prevent discontinuous 
displacement of the soil at the edge of the foundation. 
 Notable work which uses Beam-on-Winkler model for dynamic soil-structure interaction 
is predominantly focused on pile interaction. Nogami et al. (1992) described a dynamic soil-pile 
interaction model which behaves nonlinearly. Boulanger et al. (1999) demonstrated a nonlinear 
Winkler foundation method for dynamic soil-pile-structure interaction and validated the method 
using centrifuge results. Allotey and El Naggar (2003, 2007, 2008a, 2008b) developed a 
nonlinear Beam-on-Winkler foundation model for shallow and deep foundations and evaluated 
the model using centrifuge results. Mazzoni and Sinclair (2013) demonstrated the nonlinear 
response history analysis of an existing building using a nonlinear Beam-on-Winkler foundation 
model. 
 Beam-on-Winkler foundations require fewer nodes and elements than continuum 
continuum approaches and are easy to use on a variety of problems. However, these models are 
limited in that only axial displacements of the springs produce a response. This means that these 
models cannot demonstrate the coupling between moment, shear, and axial loading that have 




Figure 2.5 Example model of a Beam-on-Winkler foundation for simulating soil-structure 
interaction. 
2.4.3 Plasticity Based Macroelement 
 Macroelement models condense the nonlinear behavior of soil-structure interaction into a 
single element with six degrees of freedom. The stress and strain tensors of the soil continuum 
and foundation-structure interface are replaced with the resultant force and corresponding 
displacement vectors in the single element. The macroelement is a set of coupled elastoplastic 
springs which replaces the soil continuum. Work on these types of models has been developed 






Table 2.1 Summary of macroelement model research. 
Authors Year Description 
Roscoe and Schofield 
1956 
1958 
Provided the initial suggestion that the nonlinear behavior of 
shallow foundations might be handled using a generalized 
plasticity model. 
Nova and Montrasio 1991 
Modeled strip footings on frictional materials with an 
isotropic hardening plasticity model and non-associated flow 
rule for cases of quasistatic, monotonic loading. 
Paolucci 1997 
Modeled strip footings on frictional materials with a perfect 
plasticity model and non-associated flow rule. The model 
was shown to simulate the behavior of simple structures 
undergoing dynamic loading. 
Pedretti 1998 
Modeled strip footings on frictional materials with a 
hypoplastic model. Simulated uplift by reducing the elastic 
stiffness of the foundation. The model was shown to 
simulate quasistatic cyclic loading. 
Gottardi et al. 1999 
Modeled circular footings on frictional materials with an 
isotropic hardening plasticity model. Description of the 
ultimate surface using "swipe tests". Application to 





Table 2.1 Continued. 
Authors Year Description 
Le Pape and Sieffert 2001 
Modeled strip footings on frictional materials using a 
formalized thermodynamic model.  
Cremer et al 
2001 
2002 
Modeled strip footings on cohesive materials applying two 
distinct nonlinear mechanisms for soil plasticity and uplift. 
Soil nonlinearity was handled through an isotroptic and 
kinematic plasticity model using a nonassociative flow rule. 
Uplift was handled through a geometric model. The model 
was shown to simulate dynamic loading. 
Martin and Houlsby 2000 
Modeled circular footings on cohesive materials with an 
isotropic hardening plasticity model with non-associative 
flow rule for cases of quasistatic, monotonic loading. 
Houlsby and Cassidy 2002 
Modeled circular footings on frictional materials with an 
isotropic hardening plasticity model with non-associated 
flow for cases of quasistatic, monotonic loading.  
Di Prisco et al. 2003 
Modeled strip footings on frictional materials with a 
hypoplastic model for cases of quasistatic, cyclic loading. 
Cassidy et al. 2004 
Modeled circular footings on a frictional or cohesive 





 In (2006-2009) Grange, Kotronis, and Mazars advance the macroelement developed by 
Cremer et al. to simulate three-dimensional, nonlinear behavior of circular foundations which 
considers uplift, soil elasticity and plasticity, and radiation damping. This model features both 
kinematic and isotropic hardening. Kinematic and isotropic hardening occurs for the moment and 
shear reactions in both x and y directions. The model undergoes isotropic hardening with loading 
normal to the ground. Stiffness decays exponentially in this model; at failure, an incremental 
displacement produces a negligible change in force. The model evaluates a yield surface which 
exists in five dimensions. The yield surface is described as an ellipse in the hyperplane of shear 
and moment, and as a curve starting at no vertical load. The yield surface is parameterized by six 
different ultimate capacity variables and five different hardening parameters. Flow is associative 
in shear and moment reactions, but nonassociative for vertical reactions. In particular, the 
nonassociativity is prescribed to prevent the foundation from developing irrecoverable positive 
vertical deformation.  This model showed good agreement with results developed in the TRISEE 
experimental sequence, and with a sequence of monostatic tests performed in Gottardi et al. 
(1999). 
 In a sequence of publications between 2007 and 2011 Chatzizogos, Pecker, et al. 
developed a macroelement model to simulate three-dimensional, nonlinear behavior of strip and 
circular foundations customizable for a variety of soil and interface behaviors. The model 
considers each nonlinear mechanism independently. Uplift was modeled using a nonlinear 
elasticity model which preserves reversibility and zero energy dissipation. Soil nonlinearity was 
modeled using a bounding surface hypoplasticity model. Sliding was modeled using a perfectly 
plastic Mohr-Coulomb criterion. The flow rule is required to be non-associative to be consistent 
with the soil behavior at the local scale. The stiffness of the bounding surface model is 
39 
 
determined using a radial mapping rule where proximity to the bounding surface corresponds 
with a reduced stiffness. The bounding surface differs from the ultimate surface employed in the 
model. Overall the model shows good agreement with experimental results from the TRISEE 
experimental sequence and the results from Gottardi et al. (1999).  
 The methods developed by Grange, Kotronis, and Mazars, and Chatzizogos, Pecker, et 
al., are computationally efficient but have the following drawbacks: 
• Both models rely on nonassociative flow which result in nonsymmetric stiffness matrices. 
• The model implemented by Grange, Kotronis, and Mazars applies isotropic hardening 
which could limit the ability of the model to reproduce cyclic behavior. 
• In the model implemented by Chatzizogos, Pecker, et al. the bounding surface does not 
coincide with the expected ultimate failure surface and as a result the model may over-or-





OVERVIEW OF PLASTICITY 
 This chapter provides an overview of the theory of plasticity for small deformations, a 
central concept to this thesis, based on details from Potts and Zdravkovic (1999). This is meant to 
summarize the fundamentals and provide the background for the model proposed within this thesis. 
The coverage of plasticity is focused on: 
1. Stress-Strain Relationships 
2. Yield Surface 
3. Plastic Potential Function and Associative Plasticity 
4. Consistency 
5. Hardening 
3.1 Stress-Strain Relationships 
 Plasticity theory derives from a need to construct models which predict the amount of 
stress in a material for an amount of applied strain, or vice versa. At the infinitesimal level, the 
tangential relation between stress and strain is expressed as: 𝑑𝝈 = 𝑫 𝑑𝝐   (3.1) 
where, 𝑫 is the incremental stiffness of the material and is determined using a defined 
constitutive model. The total incremental strain can be separated into elastic, recoverable, and 
plastic, irrecoverable, components as: 𝑑𝜺 = 𝑑𝜺𝑒 + 𝑑𝜺𝑝   (3.2) 
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where, 𝑑𝜺𝑒 and 𝑑𝜺𝑝 are the elastic and plastic components respectively. Hooke’s law establishes 
a known relationship between the recoverable elastic strain increment and the stress increment 
as: 𝑑𝝈 = 𝑬 𝑑𝜺𝑒   (3.3) 
where, 𝑬 is the elastic constitutive tensor for the material. From equations (3.2) and (3.3), the 
incremental stress can also be expressed as:  𝑑𝝈 = 𝑬 (𝑑𝜺 − 𝑑𝜺𝑝)   (3.4) 
which is the fundamental expression enabling the modeling of irrecoverable strain.  
3.2 Yield Surface 
 The use of a yield surface allows the determination of plastic deformation for a state of 
stress. In general, yield surfaces are expressed as a function of the stress state, 𝝈, additional 
internal variables, 𝜶, such that: 𝐹 = 𝐹(𝝈, 𝜶) = 0   (3.5) 
While the stress state is within the yield surface, then the material only undergoes recoverable, 
elastic deformation, however, once the stress state is on the surface the material yields. Stress 
states outside of the yield surface are not permissible for rate-independent plasticity. 
3.3 Plastic Potential Function and Associative Plasticity 
 A plastic potential function, 𝑃, is introduced in order to determine the incremental plastic 
strain during loading. The incremental plastic strain is proportional to the derivative of the plastic 
potential function with respect to the state of stress such that: 
𝑑𝜺𝑝 = 𝑘 𝑑𝜆 𝜕𝑃𝜕𝝈   (3.6) 
where, 𝑑𝜆 is the proportionality constant (𝑑𝜆 ≥ 0) and 
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𝑘 = {1 𝑖𝑓 𝐹 = 0 and 𝜕𝐹𝜕𝝈 ≥ 0        (𝑦𝑖𝑒𝑙𝑑𝑖𝑛𝑔)0                                                 (𝑒𝑙𝑎𝑠𝑡𝑖𝑐)       (3.7) 
 Relationship (3.6) is commonly referred to as the flow rule and governs the direction of 
the incremental plastic strain. 
 Associative plasticity arises when the plastic potential function, 𝑃, is identical to the yield 
surface function, 𝐹, such that: 𝑃 ≡ 𝐹   (3.8) 
When the opposite is true, 𝑃 ≢ 𝐹 then the plasticity model is nonassociative. 
 Associative plasticity results in a symmetric stiffness matrix and is therefore more 
computationally efficient and stable than nonassociative plasticity. On the other hand, 
nonassociative plasticity can more accurately replicate behaviors. 
3.4 Consistency 
 The stress tensor is not allowed to depart from the yield surface during elastoplastic 
loading. This condition is necessary to determine the scalar proportionality constant, 𝑑𝜆, from 
the flow rule. The consistency relationship is defined as 
𝑑𝐹(𝝈,𝜶) = 𝜕𝐹𝜕𝝈  𝛥𝝈 + 𝜕𝐹𝜕𝜶  𝛥𝜶 = 0   (3.9) 
3.5 Hardening 
 For perfect plasticity, the yield surface, 𝐹, does not change in size or location in the stress 
space, which for associative plasticity means 𝑑𝝈 𝑑𝜺𝑝 = 0. However, most materials do not 
demonstrate perfect plasticity immediately after yielding, and instead gain strength as they 
transition from first yield to ultimate capacity. Materials which gain strength during yielding are 
said to harden. Some materials can also lose strength during yielding in a process known as 
softening. Most common geotechnical materials harden for even small levels of stress. 
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 Hardening occurs when the material gains strength during plastic loading. This is 
represented as 𝜕𝐹𝜕𝝈  𝛥𝝈 > 0   (3.10) 
within plasticity theory. Two popular hardening models are isotropic hardening and kinematic 
hardening. 
 In isotropic hardening, the yield surface expands without translation or rotation. This 
results in an increasing region of elastic behavior. This means that the yield stress in the opposite 
direction is increased as the material hardens in isotropic hardening. The yield surface can 
expand until the failure criterion is met at which point the model approximates perfect plasticity. 
 In kinematic hardening, the yield surface is not allowed to expand, but translates in stress 
space. As a result, the size of the yield surface remains constant. Plastic loading in one direction 
causes the yield stress to be reduced in the opposite direction so that the elastic region remains 
constant in size. The yield surface is allowed translate until the failure criterion is met. The 
current level of translation of the yield surface is known as backstress and is represented in this 






 This chapter develops the proposed macroelement model from the theoretical bases 
described in Chapter 3 of this thesis. As stated earlier, macroelement models condense the 
entirety of the soil-foundation behavior within the soil-structure interaction into a set of 
generalized forces and displacements. This formulation allows for the soil-structure interaction 
elements to be directly included through typical assembly procedures in the same global stiffness 
matrices as are commonly used for beam-rod elements. 
4.2 Model Aims and Principles 
 The proposed model was developed with the intention of delivering results that 
approximate outcomes seen in limited physical experiments using typical material parameters. 
Furthermore, special care was taken to provide the ability to use the model for cyclic and 
dynamic loading cases. To this end, the following principles are central to the development of 
the model. 
1. Most geotechnical materials demonstrate plastic deformation for even low levels of 
loading. Physical experiments of soil-structure interaction demonstrate similar behavior; 
therefore, the model is designed to develop plastic deformation very early in the loading 
cycle. 
2. As the model approaches failure in any of the three dimensions, the hardening modulus 
decreases resulting in greater displacements for a given force increment. 
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3. The model reproduces compression (or expansion) during shearing and moment loading, 
resulting in either vertical displacement of the foundation or changes to the vertical load 
resisted by the foundation. 
4.3 Bounding Surface Plasticity 
 Bounding surface plasticity was simultaneously developed in both Dafalias and Popov 
(1975) and Krieg (1975). Bounding surface plasticity involves the use of a yield surface within a 
bounding surface. Within the yield surface the material behaves elastically, however loading 
which tends outwards of the loading surface results in kinematic hardening and translation of the 
yield surface. This occurs in such a manner that the stress point is always within or on the yield 
surface. Stress states which lie outside the yield surface are not acceptable. The yield surface is 
contained within the bounding surface such that at failure the yield surface and the bounding 
surface intersect. In this way, the bounding surface represents the locus of points for the 
maximum loading of the foundation and is perhaps more appropriately described as the failure 
surface. 
4.4 Generalized Forces and Displacements Failure Surface 
 Macroelement models operate on generalized force-displacement behavior. The 
generalized forces reflect the amount of load or moment, 𝑷, carried by the foundation and the 
displacement or rotation, 𝜹, at the center of the foundation. The load and displacement vectors 
represent the forces and displacements per the following relationships: 
𝑷 = [𝐻𝑁𝑀]   (4.1) 
𝜹 = [𝛿𝐻𝛿𝑁𝛿𝑀]   (4.2) 
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where 𝐻 is the shear or tangential force on the foundation, 𝑁 is the normal force acting on the 
foundation, 𝑀 is the moment acting on the foundation, 𝛿𝐻 is the x-displacement of the 
foundation, 𝛿𝑁 is the y-displacement of the foundation. and 𝛿𝑀 is the rotation of the foundation. 
The sign convention for the generalized forces and displacement is reversed for convenience and 
is demonstrated in Figure 4.1. 
 
Figure 4.1 Generalized forces for macroelement model. 
4.5 Yield Surface and Flow Rule 
 Given the need to produce elastoplastic deformation at low loading levels, the selection 
of yield surface is nominal and arbitrary and therefore a potential function, 𝐹, can be directly 
selected. For this study the potential function is modeled after an ellipsoid in 𝑷-space and takes 
the form of: 
𝐹(𝑷,𝜶) = (𝑷 − 𝜶)2𝒄2 − 1 
                = (𝐻 − 𝛼𝐻)2𝑐𝐻2 + (𝑁 − 𝛼𝑁)2𝑐𝑁2 + (𝑀 − 𝛼𝑀)2𝑐𝑀2 − 1                 = 0   (4.3) 
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where 𝑷 is the generalized force vector described in section 4.4, and 𝜶 is the backforce vector, 
called so because 𝜶 represents forces and not stresses, representing the center of the ellipsoid and 
is also in generalized force coordinates. This surface is demonstrated in Figure 4.2.  
 
Figure 4.2 Yield surface in two-dimensions used by soil-structure interaction plasticity 
model. 
 The plastic deformation of the foundation is, following the conventions of associative 
plasticity, normal to the yield surface and follows the relationship: 
𝑑𝜹𝑝 = 𝑑𝜆 𝜕𝐹𝜕𝑷   (4.4) 
where, 𝑑𝜆 is the proportionality constant. 
The flow rule can alternatively take the form 
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𝑑𝜹𝑝 = (𝒆𝑇 𝑑𝑷) 𝒆ℎ    (4.5) 
where 𝒆 is the normal unit vector to the yield surface 𝐹(𝑷, 𝜶) and ℎ is the plastic hardening 
modulus. 
4.6 Bounding or Failure Surface 
 The failure surface is directly derived from bearing capacity solutions and takes the form 
an elliptically revolved parabola about the 𝑁 axis with the formation: 
𝑈(𝑷) = 𝐻2𝑎 (𝑁 + 𝑁0) (𝑢𝑁 − 𝑁) + 𝑀2𝑏 (𝑁 + 𝑁0) (𝑢𝑁 − 𝑁) − 1 = 0   (4.6) 
 where 
• 𝒖 is a vector which represents the ultimate capacity of the foundation in each 
dimension 
• 𝑁0 is a zero offset in the failure surface which is discussed in greater detail in 
Section 4.9 
• 𝑎 is the parameter which controls the maximum amount of shear for the 
foundation such that 
𝑎 = 𝑢𝐻2𝑢𝑢24 + 𝑢𝑢𝑁02 + 𝑁024  
• 𝑏 is the parameter which controls the maximum amount of moment for the 
foundation such that  
𝑏 = 𝑢𝑀2𝑢𝑢24 + 𝑢𝑢𝑁02 + 𝑁024  
This is a simplification of the failure criterion used by other models which incorporate powers to 
adjust the shape further. These more complex surfaces can easily be substituted into this model. 
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4.7 Backforce Evolution 
 Backforce evolution describes the translation of the yield surface during plastic loading 
events and is a kinematic hardening rule. The proposed method is based off the traditional 
Ziegler (1959) kinematic hardening rule and introduces an offset to the center of motion in the 𝑁-direction and is used to produce expansive or compressive effects. The specific hardening rule 
which describes the backforce evolution is 𝑑𝜶 = (𝑷 − (𝜶 + 𝒙))𝑑𝜇   (4.7) 
In which, the parameter, 𝒙, describes the amount of offset in the 𝑁-direction and takes the form 
𝒙 = [0𝑥0]   (4.8) 
and 𝑑𝜇 is a proportionality coefficient. Figure 4.3 provides a graphical representation of how this 
offset and hardening rule are implemented. 
 
Figure 4.3 Kinematic hardening rule demonstration. 
 When the backforce parameter 𝑥 is positive, the model results in compression 
(compression) while it is loaded without changing the normal load, 𝑁. When the backforce 
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parameter 𝑥 is negative, the model results in dilation (expansion). This change to the kinematic 
hardening rule is based on work performed by Kiousis and Abdulla (1992) which used this 
technique in order to simulate the behavior of dilatant soils using associative plasticity 
 The magnitude of the proportionality coefficient is determined by evaluating the 
projection of 𝑑𝜶 along the plastic gradient vector, 𝒆, as proportional to the plastic displacement, 𝑑𝜹𝑝 by way of another proportionality coefficient, 𝜂, through the relationship: 
𝜂 𝑑𝜹𝑝 = (𝑑𝜶𝛵  𝜕𝐹𝜕𝑷) 𝜕𝐹𝜕𝑷𝜕𝐹𝜕𝑷𝛵 𝜕𝐹𝜕𝑷    (4.9) 
substituting the plastic flow rule for 𝑑𝜹𝑝 (equation 4.4) yields 
𝜂 𝑑𝜆 𝜕𝐹𝜕𝑷 = (𝑑𝜶𝛵  𝜕𝐹𝜕𝑷) 𝜕𝐹𝜕𝑷𝜕𝐹𝜕𝑷𝛵 𝜕𝐹𝜕𝑷    (4.10) 
and then substituting in the backforce evolution rule for 𝑑𝜶 (equation 4.7) produces 
𝜂 𝑑𝜆 𝜕𝐹𝜕𝑷 = 𝑑𝜇 ((𝑷 − (𝜶 + 𝒙))𝛵  𝜕𝐹𝜕𝑷) 𝜕𝐹𝜕𝑷𝜕𝐹𝜕𝑷𝛵 𝜕𝐹𝜕𝑷    (4.11) 
which can then be simplified to the form 
𝑑𝜇 = 𝜂 𝑑𝜆 𝜕𝐹𝜕𝑷𝛵 𝜕𝐹𝜕𝑷(𝑷 − (𝜶 + 𝒙))𝛵  𝜕𝐹𝜕𝑷   (4.12) 
this relationship can also be expressed using the alternative to the flow rule (equation 4.5) which 
results in the expression 





 The consistency relationship forces the stress point to remain on the yield surface during 
elastoplastic loading. This is formulated as 
𝑑𝐹 = 𝜕𝐹𝜕𝑷  𝑑𝑷 + 𝜕𝐹𝜕𝜶  𝑑𝜶 = 0   (4.14) 
The partials with respect to 𝑷 and 𝜶 have the following relationship: 𝜕𝐹𝜕𝑷 = − 𝜕𝐹𝜕𝜶   (4.15) 
which is establishes the relationship 𝜕𝐹𝜕𝑷T 𝑑𝑷 − 𝜕𝐹𝜕𝑷T 𝑑𝜶 = 0   (4.16) 
which can be reduced to 𝒆𝑇 𝑑𝑷 − 𝒆𝑇 𝑑𝜶 = 0   (4.17) 
This then allows for 𝑑𝜶 to be eliminated using equations 4.13, leaving 
𝒆𝑇 𝑑𝑷 − 𝒆𝑇 (𝑷 − (𝜶 + 𝒙)) 𝜂 𝒆𝑇 𝑑𝑷ℎ 𝒆𝑇 (𝑷 − (𝜶 + 𝒙)) = 0   (4.18) 
And consequentially 𝜂 = ℎ   (4.19) 
4.7 Elastoplastic Stiffness 
  The elastoplastic stiffness originates from Hooke’s Law 𝑑𝑷 = 𝑬 𝑑𝜹𝑒   (4.20) 
where the elastic displacements can be expanded such that 𝑑𝑷 = 𝑬 (𝑑𝜹 − 𝑑𝜹𝑝)   (4.21) 
Substituting in the flow rule (equation 4.4) leads to 
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𝑑𝑷 = 𝑬(𝑑𝜹 − 𝑑𝜆 𝜕𝐹𝜕𝑷)   (4.22) 
In order to resolve the proportionality constant, 𝑑𝜆, the solution for backforce evolution 
(equation 4.13) and the expansion of Hooke’s law (equation 4.22) are substituted into the 
consistency relationship (equation 4.16) producing the relationship 
𝜕𝐹𝜕𝑷𝑇 𝑬 (𝑑𝜹 − 𝑑𝜆 𝜕𝐹𝜕𝑷) + 𝜕𝐹𝜕𝜶T (𝑷 − 𝜶 − 𝒙) 𝜂 𝑑𝜆 𝜕𝐹𝜕𝑷𝛵 𝜕𝐹𝜕𝑷(𝑷 − 𝜶 − 𝒙)𝛵  𝜕𝐹𝜕𝑷 = 0   (4.23) 
which can be rearranged to 
𝑑𝜆 = 𝜕𝐹𝜕𝑷𝑇 𝑬 𝑑𝜹𝜕𝐹𝜕𝑷𝑇 𝑬 𝜕𝐹𝜕𝑷 − 𝜕𝐹𝜕𝜶𝑇 (𝑷 − 𝜶 − 𝒙) 𝜂 𝜕𝐹𝜕𝑷𝛵 𝜕𝐹𝜕𝑷(𝑷 − 𝜶 − 𝒙)𝛵  𝜕𝐹𝜕𝑷
  
  (4.24) 
and because of equation 4.15 this expression can be simplified to 
𝑑𝜆 = 𝜕𝐹𝜕𝑷𝑇 𝑬 𝑑𝜹𝜕𝐹𝜕𝑷𝑇 𝑬 𝜕𝐹𝜕𝑷 + 𝜂 𝜕𝐹𝜕𝑷𝛵 𝜕𝐹𝜕𝑷    (4.25) 
Substituting the solution for the proportionality constant (equation 4.25) into the expansion of 
Hooke’s law (equation 4.22) produces  
𝑑𝑷 = 𝑬 𝑑𝜹 −  𝑬 𝜕𝐹𝜕𝑷 𝜕𝐹𝜕𝑷𝑇 𝑬𝜕𝐹𝜕𝑷𝑇 𝑬 𝜕𝐹𝜕𝑷 + 𝜂 𝜕𝐹𝜕𝑷𝛵 𝜕𝐹𝜕𝑷  𝑑𝜹   (4.26) 




𝑫𝑒𝑝 = 𝑬 −  𝑬 𝜕𝐹𝜕𝑷 𝜕𝐹𝜕𝑷𝑇 𝑬𝜕𝐹𝜕𝑷𝑇 𝑬 𝜕𝐹𝜕𝑷 + 𝜂 𝜕𝐹𝜕𝑷𝛵 𝜕𝐹𝜕𝑷   (4.28) 
which can also be expressed in terms of the unit normal vector of the yield surface, 𝒆 
𝑫𝑒𝑝 = 𝑬 −  𝑬 𝒆 𝒆𝑇𝑬𝒆𝑇𝑬 𝒆 + 𝜂   (4.29) 
4.8 Plastic Hardening Modulus 
 The plastic hardening modulus, 𝜂, controls the amount of plasticity demonstrated by the 
mode. While the force state is far from failure, and the plastic hardening modulus is large, the 
second term of the tangential stiffness (equation 4.29) approaches zero and the tangential 
stiffness approaches the elastic stiffness. Likewise, as the force state nears failure, the plastic 
hardening modulus approaches zero, and the second term of the tangential stiffness approaches 
the elastic stiffness and tangential stiffness tends toward zero. 
 The plastic hardening modulus is derived using a force-displacement relationship 
developed by Richard and Abbott (1975) which is redefined for generalized force and 
displacements. The relationship defined by Richard and Abbott enables the control of the rate at 
which the model becomes more plastic using an internal parameter, 𝑛. As a result, the proposed 
soil-structure interaction model can simulate a range of plastic behavior. The relationship defined 
by Richard and Abbott takes the form of 
𝑃 = 𝐸 𝛿(1 + (𝐸 𝛿𝑈 )𝑛)1𝑛    (4.30) 
as 𝑛 becomes larger the transition from elastic to ultimate strength becomes more abrupt and 
approaches the typical elastic-perfectly plastic behavior for very large values of 𝑛. Figure 4.4 
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demonstrates the influence of 𝑛 for a hypothetical system where the elastic stiffness, 𝐸, is 10 
kN/m and the ultimate strength, 𝑈, is 1 kN. 
 
Figure 4.4 The influence of the hardening parameter, 𝑛, on the load-displacement 
behavior (Richard and Abbott, 1975). 
 The plastic hardening modulus is determined by first evaluating the derivative of the 
Richard and Abbott relationship with respect to displacement, 𝛿, which per the quotient rule is 
𝜕𝑃𝜕𝛿 =   (1 + (𝐸 𝛿𝑈 )
𝑛)1𝑛 𝜕𝜕𝛿 𝐸 𝛿 − 𝐸 𝛿 𝜕𝜕𝛿 (1 + (𝐸 𝛿𝑈 )𝑛)1𝑛(1 + (𝐸 𝛿𝑈 )𝑛)1𝑛  (1 + (𝐸 𝛿𝑈 )𝑛)1𝑛    (4.31) 
which can in turn be expanded to 
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 (1 + (𝐸 𝛿𝑈 )𝑛)1𝑛 𝜕𝜕𝛿 𝐸 𝛿(1 + (𝐸 𝛿𝑈 )𝑛)1𝑛  (1 + (𝐸 𝛿𝑈 )𝑛)1𝑛 −
𝐸 𝛿 𝜕𝜕𝛿 (1 + (𝐸 𝛿𝑈 )𝑛)1𝑛(1 + (𝐸 𝛿𝑈 )𝑛)1𝑛  (1 + (𝐸 𝛿𝑈 )𝑛)1𝑛   (4.32) 
solving the subproblem yields 
𝜕𝜕𝛿 (1 + (𝐸 𝛿𝑈 )𝑛)1𝑛 = 1𝑛 (1 + (𝐸 𝛿𝑈 )𝑛)1−𝑛 𝜕𝜕𝛿 1 + (𝐸 𝛿𝑈 )𝑛 
= (1 + (𝐸 𝛿𝑈 )𝑛)1−𝑛 (𝐸 𝛿𝑈 )𝑛−1 𝛦𝑈 
= 𝛦𝑈 (𝐸 𝛿𝑈 )
𝑛 (1 + (𝐸 𝛿𝑈 )𝑛)1𝑛(𝐸 𝛿𝑈 ) (1 + (𝐸 𝛿𝑈 )𝑛)𝑛    (4.33) 
which can then be substituted into equation 4.33 to yield 𝜕𝑃𝜕𝛿 =   𝐸(1 + (𝐸 𝛿𝑈 )𝑛)1+1𝑛   (4.34) 
 Equation 4.31 can be rearranged per 
𝛿 =   𝑃𝐸 (1 − (𝑃𝑈)𝑛)1𝑛   (4.35) 
and then substituted into equation 4.35 so that 
𝜕𝑃𝜕𝛿 =   𝐸 (1 − (𝑃𝑈)𝑛)1+1𝑛   (4.36) 
 The derivative of force with respect to displacement is the tangential stiffness, therefore 
the plastic hardening modulus can be derived using the tangential stiffness, 𝑫𝒆𝒑, from equation 
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4.29 and reducing to a single dimension and the tangential stiffness from the Richard and Abbott 
relationship in equation 4.38. 
𝐸 − 𝐸2𝐸 + 𝜂 =   𝐸 (1 − (𝑃𝑈)𝑛)1+1𝑛   (4.38) 
 Which then produces the relationship 
𝜂 = 𝐸 ( 
 11 − (1 − (𝑃𝑈)𝑛)1+1𝑛 − 1) 
 
 
  (4.39) 
 Bounding surface plasticity, per Dafalias and Popov (1975), implements the plastic 
hardening modulus, 𝜂, as a function of relative distance. Relative distance measures the ratio of 
load path until failure is reached to the length of the entire load path; in a crude sense relative 
distance, 𝑅𝐷, is simply 
𝑅𝐷 = 1 − 𝑃𝑈   (4.40) 
where the relative distance is equal to one while the load level, 𝑃, is equal to 0 and relative 
distance linearly decreases to zero as the load level approaches the ultimate load, 𝑈. 
 Substituting the naïve definition of relative distance produced in equation 4.40 into the 
relationship for plastic hardening modulus developed in equation 4.39 produces  
𝜂 = 𝐸 ( 11 − (1 − (1 − 𝑅𝐷)𝑛)1+1𝑛 − 1)   (4.41) 
which eases the process of evaluating the plastic hardening modulus in three dimensions. 
 Figure 4.5 demonstrates the influence of the shape parameter, 𝑛, by determining plotting 
tangential stiffness against relative distance for a nominal single-dimension problem, with an 




Figure 4.5 Influence of the hardening parameter, 𝑛, on the relationship between relative 
distance and the tangent modulus for a nominal one-dimension example. 
 All curves in Figure 4.5 have a tangential stiffness, 𝐷𝑒𝑝, of 100 N/m before any load is 
applied. As the curves gain load, the tangential stiffness is reduced to 0 N/m. For small values of 𝑛 this happens quickly; and as 𝑛 approaches infinity, the tangential stiffness is approximately the 
elastic stiffness until just before failure. 
4.9 Determining Relative Distance 
 The process of evaluating relative distance given that the failure surface surrounds the 
yield surface is challenging. One simple solution (Figure 4.6) is to measure the Euclidean 
distance to failure along the normal vector of the yield surface and measuring this along the total 
distance that is available along this path, so that relative distance becomes 
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𝑅𝐷 = ‖𝑨 − 𝑷‖‖𝑨 − 𝑩‖   (4.42) 
where 
• 𝑨, is the forward intercept with the failure surface of the ray cast by the unit 
normal of the yield surface, 𝒆, and 
• 𝑩, is the reverse intercept with the failure surface of the same ray. 
 
Figure 4.6 A naïve proposal for measuring relative distance, diametrically across the 
failure surface. 
 This solution however demonstrates several suboptimal properties such as: 
1. the resulting relative distance is affected by any transformations of the load space, such 
as a unit conversion, 
2. the relative distance as shear or moment loading commences is equal to 0.5, and 
3. during unloading in the normal direction, 𝑁, the relative distance quickly approaches zero 




 Figure 4.7 below demonstrates how the rapid reduction of relative distance to zero 
induces large negative displacements during unloading. The figure considers a single 
dimensional problem which has an elastic stiffness, 𝐸, of 10,000 N/m, an ultimate capacity, 𝑈, or 
100 N, and a shape factor, 𝑛, of 2. The loading curve is then calculated for the model, and the 
unloading behavior is assessed for load levels of 10 N, 25 N, 50 N, 75 N, and 99 N. The figure 
shows that significant negative displacements are predicted for all unloading curves. This effect 
is most pronounced for unloading behavior initiated at the lowest load levels, where the negative 
displacements from unloading greatly exceed the positive displacements predicted by loading to 
failure. 
 
Figure 4.7 Demonstration of large negative displacements which occur during unloading 
for unloads starting at 10%, 25%, 50%, 75%, and 99% of the ultimate capacity while 




 The proposed solution to these problems involves: 
Measure relative distance in each dimension independently as demonstrated in 
 
1. Figure 4.8 
Measure relative distance as demonstrated in 
 
2. Figure 4.8; for loads in the normal direction this is the value of the failure surface in 
negative 𝑁 direction such that; and for shear and moment loading this is the maximum 
observed load in the opposite direction. As a result, relative distance becomes a three-
dimensional quantity per the following 
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𝑹𝑫 = |𝑨 − 𝑷||𝑨 − 𝑩| = [ |𝐴𝐻 − 𝐻||𝐴𝐻 − 𝐵𝐻| , |𝐴𝑁 − 𝑁||𝐴𝑁 − 𝐵𝑁| , |𝐴𝑀 − 𝑀||𝐴𝑀 − 𝐵𝑀| ]𝑇   (4.43) 
 where 
• 𝑨 is a vector for which each component can be combined with the other two 
components from 𝑷 to form the set {[𝐴𝐻 𝑁 𝑀]𝑇 , [𝐻 𝐴𝑁 𝑀]𝑇 ,[𝐻 𝑁 𝐴𝑀]𝑇} such that each of these points lie on the failure surface, 𝑈 = 0, in the 
direction of the unit normal to the yield surface, 𝒆, and 
• 𝑩 is a vector for which each component can be combined with the other two 
components from 𝑷 to form the set {[𝐴𝐻 𝑁 𝑀]𝑇 , [𝐻 𝐴𝑁 𝑀]𝑇 ,[𝐻 𝑁 𝐴𝑀]𝑇} such that each of these points lie on the failure surface, 𝑈 = 0, in the 
direction opposite of the unit normal to the yield surface, 𝒆 
It is relevant to note, that the reference points 𝑨 and 𝑩 do not have an interpretation 
within the model space. The values are grouped together for convenience. 




3. Figure 4.8), so that as the load is fully removed the relative distance is not reduced to 
zero. This has the added benefit of enabling the model to accept combinations of shear 
and moment loading with normal loading at the initial state. 
 
Figure 4.8 Improved method of measuring relative distance in each direction 
independently. Observe that the failure surface has a small negative offset and that the 
relative distance measurement in the 𝐻 dimension is measured from point 𝐵𝐻 which is 
the negative most load observed in that dimension so far. 
 Figure 4.9 below demonstrates the force-displacement curves for a single dimensional 
model with the same parameters as Figure 4.7, however in this Figure the reference point 
measurement is used in lieu of absolute relative distance and a 5% zero offset is applied in the 
negative direction. The result of this is that the negative displacements are substantially reduced 




Figure 4.9 Demonstration of reduction of that negative displacements occurs during 
unloading for unloads starting at 10%, 25%, 50%, and 75% of the ultimate capacity. 
Unloading from 99% of the ultimate capacity no indicates negative displacement while 
using the modified relative distance measure, 𝑅𝐷. Performed on a nominal single 
dimension problem. 
 In order to reduce the three-dimensional measurement of relative distance into an 
equivalent scalar plastic hardening modulus, 𝜂, for use in the computation of the tangential 
stiffness per equation 4.29; the following transformation is applied  𝜂 = 𝒆𝑇𝜂(𝑹𝑫) 𝒆   (4.44) 
 where: 
• 𝜂(𝑹𝑫) is a matrix evaluation of the plastic hardening modulus per equation 4.41 
in each dimension 
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this transformation allows for the plastic behavior to be different in each dimension. 
Consequently, the equivalent plastic hardening modulus is correct in each dimension while the 
unit normal vector is pointing in that dimension and the equivalent plastic hardening modulus 
will smoothly interpolate between each direction based on the proportions of the unit. 
4.10 Extensions for Unloading and Reloading 
 Further improvements were made for unloading and reloading behavior. These 
improvements were developed so that the model could demonstrate an increase in stiffness 
during unloading and reloading cycles. The specific description of these zones is defined as: 
𝒔 = {−1 𝑖𝑓 𝑷 ⋅ 𝒆 < 0 (𝑢𝑛𝑙𝑜𝑎𝑑𝑖𝑛𝑔)0 𝑖𝑓 𝑷 ⋅ 𝒆 > 0 and 𝑷 < maxℎ𝑖𝑠𝑡 (𝑷) (𝑟𝑒𝑙𝑜𝑎𝑑𝑖𝑛𝑔)1  (𝑙𝑜𝑎𝑑𝑖𝑛𝑔)    (4.45) 
which is depicted for the 𝐻-dimension in Figure 4.10, and for the 𝑁-dimension in Figure 4.11 
and Figure 4.12. 
 
Figure 4.10 Demonstration of zones of unloading, reloading, and loading when 




Figure 4.11 Demonstration of unloading zone while the normal force is being removed. 
 
Figure 4.12 Demonstration of reloading and loading zones while normal force is 
increased 
 It is important to understand that these zones of unloading and reloading are determined 
for each dimension. The model can simultaneously demonstrate unloading in one dimension 
while reloading or loading in another dimension. The decoupling of the measurement of relative 
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distance, or proximity to failure, with respect to the mode of loading enables this form of 
analysis. 
 Per equation 4.43 the relative distance under ordinary loading conditions in any direction 
is: 
𝑅𝐷𝑙𝑜𝑎𝑑 = 𝑨 − 𝑃𝑨 − 𝑩   (4.46) 
 The stiffness is increased during unloading by reducing the rate of evolution of relative 
distance as the model approaches failure per the following relationship: 
𝑅𝐷𝑢𝑛𝑙𝑜𝑎𝑑 = 1 − 𝛽𝑢 (1 − 𝑨 − 𝑷𝑨 − 𝑩)   (4.47) 
 where 
• 𝛽𝑢 is a configurable parameter that establishes the minimum relative distance 
achievable during unloading 
As a result, the amount of plastic behavior, as measured by cumulative amount of unrecoverable 
deformation, is reduced during unloading. This is demonstrated by Figure 4.13, which produces 
a load-displacement chart for the same parameters as Figure 4.7 and Figure 4.9, however in 
Figure 4.13 relative distance is adjusted for the unloading path described in equation 4.47 with a 
minimum relative distance cap, 𝛽𝑢, of 0.5. What is of greatest importance is that this almost 
eliminates the negative displacements observed in the earlier figures, this is particularly 




Figure 4.13 Elimination of negative displacements for the nominal one-dimension 
example problem when taking into account novel measure of relative distance, zero 
offset, and unloading and reloading rules. This reduced model produces reasonable 
unloading behavior for unloads from 10%, 25%, 50%, 75%, and 99% of the ultimate 
capacity. 
 To smooth the transition from unloading regions to loading regions, a modification to 
relative distance during reloading was also developed. The reloading modification linearly 
interpolates between the unload behavior and the load behavior such that the relative distance is 𝐶0 continuous as the model transitions across the boundary between the unload and reload 
regions, and likewise 𝐶0 continuous as the model transitions across the boundary between the 
reload and load regions. Expressed within an equation, the computation of the relative distance 
during reload is 
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𝑅𝐷𝑟𝑒𝑙𝑜𝑎𝑑 = 𝑅𝐷𝑢𝑛𝑙𝑜𝑎𝑑(𝑷) + 𝑷𝑷𝑡 (𝑨 − 𝑷𝑡𝑨 − 𝑩 − 𝑅𝐷𝑢𝑛𝑙𝑜𝑎𝑑(𝑷))   (4.48) 
 where 
• 𝑷𝑡 is the amount of load at which relative distance transitions from reload to load. 
4.11 Integration 
 Equilibrium is solved for the soil macroelement using displacement control. Each 
iteration begins with an applied displacement for which integration of the elastoplastic behavior 
yields the corresponding load increment. This method prevents the emergence of non-converging 
solutions, which happen when the demanded load is greater the available capacity. The process 
of determining the load increment for each step, 𝛥𝑷𝑠, involves the adaptive subdivision of each 
incremental displacement step, (1 − 𝑦) 𝛥𝜹𝑠,  into smaller substeps, 𝛥𝜹𝑠𝑠, and then performing a 
modified Euler integration of the tangential stiffness, 𝑫𝑒𝑝, for the substep, per Sloan (1987). 
Convergence is determined when the error estimate is less than a configured tolerance; if the 
estimated error is greater than the tolerance then a smaller substep is selected. 
 The specific integration process which has been adapted for this purpose begins by taking 
the largest elastic step possible which is finding the proportion of the maximum elastic load, 𝑦, 
for which the yield surface function is equal to zero per 
𝑭(𝑷0 + 𝑦 𝑬 𝛥𝜹𝑠, 𝜶0) = (𝑷0 + 𝑧 𝑬 𝛥𝜹𝑠 − 𝜶0)2𝒄2 − 1 = 0   (4.49) 
which takes the form of a quadratic equation 
𝑦2 (𝑬 𝛥𝜹𝑠𝒄 )2 + 𝑦 𝑬 𝛥𝜹𝑠 (𝑷0 − 𝜶0)𝒄2 + 𝐹(𝑷0, 𝜶0) = 0   (4.50) 
following the determination of 𝑦, the following values are initialized 
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𝑷𝑖 = 𝑷0 + 𝑧 𝑬 𝛥𝜹𝑠 𝜶𝑖 = 𝜶0 𝛥𝜹𝑒𝑝 = (1 − 𝑧)𝛥𝜹𝑠 𝑇 = 0 
𝛥𝑇 = 0.8 𝒄2‖𝑫𝑒𝑝(𝑷𝑖, 𝜶𝑖) 𝛥𝜹𝑒𝑝‖ 𝜀𝑅 = 0.82 𝑡𝑜𝑙   (4.51) 
 where 
• 𝑷0, is the load level at the start of integration 
• 𝜶0, is the backforce at the start of integration 
• 𝑷𝑖, is the load level at the start of elastoplastic behavior 
• 𝜶𝑖, is the back stress at the start of elastoplastic behavior 
• 𝑦, is the proportion of elastic loading such that 𝑦 ≤ 1.0 
• 𝛥𝜹𝑠, is the applied displacement for the step 
• 𝛥𝜹𝑒𝑝, is the applied displacement contributing to elastoplastic behavior 
• 𝑇, is the control value, once it reaches a value of 1.0 the integration process is 
complete 
• 𝛥𝑇, controls the substep size and is adjusted at the start of every integration 
iteration by the error estimate, for the first iteration it is set to the length of 0.8‖𝒄‖ 
which helps improve model execution speed as the integration algorithm only 
needs to minimally hunt for an optimal substep size 
• 𝜀𝑅 is the estimated relative error for the substep, initialized to this particular value 
to eliminate the step correction factor 
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Then while the control value, 𝑇, has not completed, the following steps are applied: 
1. Adjust the step size based on the error of the previous iteration” 
𝛥𝑇 = min(1 − 𝑇,√𝑡𝑜𝑙𝑅  𝛥𝑇) 
𝛥𝜹𝑠𝑠 = 𝛥𝛵 𝛥𝜹𝑒𝑝   (4.52) 
2. Determine the first estimate for the load increment using the initial tangent stiffness: 𝛥𝑷1 = 𝑫𝑒𝑝(𝑷𝑖, 𝜶𝑖) 𝛥𝜹𝑠𝑠 
𝛥𝜶1 = (𝑷𝑖 − (𝜶𝑖 + 𝒙)) 𝒆𝑖𝑇 𝛥𝑷1𝒆𝑇 (𝑷𝑖 − (𝜶𝑖 + 𝒙))   (4.53) 
3. Develop the second estimate for the load increment using the final tangent stiffness: 𝛥𝑷2 = 𝑫𝑒𝑝(𝑷𝑖 + 𝛥𝑷1, 𝜶𝑖 + 𝛥𝜶1) 𝛥𝜹𝑠𝑠 
𝛥𝜶2 = (𝑷𝑖 − (𝜶𝑖 + 𝒙)) 𝒆𝑖𝑇 𝛥𝑷2𝒆𝑇 (𝑷𝑖 − (𝜶𝑖 + 𝒙))   (4.54) 
4. Produce the modified Euler estimate of the load increment as: 
𝛥𝑷𝑠𝑠 = 𝛥𝑷1 + 𝛥𝑷22  𝛥𝜶𝑠𝑠 = 𝛥𝜶1 + 𝛥𝜶22    (4.55) 
5. Estimate the error and normalize it by the load level as: 
𝜀𝑒 = 𝛥𝑷2 − 𝛥𝑷12  
𝜀𝑅 = ‖𝜺‖‖𝑷𝑖 + 𝛥𝑷𝑠𝑠‖   (4.56) 
6. If the relative error, 𝑅, it greater than the configured tolerance, return to step 1. 
7. Otherwise, increment per: 
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𝛵 = 𝛵 + 𝛥𝛵 𝑷𝑖+1 = 𝑷𝑖 + 𝛥𝑷𝑠𝑠 𝜶𝑖+1 = 𝒂𝑖 + 𝛥𝒂𝑠𝑠   (4.57) 
8. If the control value, 𝑇, is less than the termination value, 1.0, return to step 1. 
9. Otherwise complete the integration process by: 𝛥𝑷𝑠 = 𝑷𝑖 − 𝑷0 𝛥𝜶𝑠 = 𝜶𝑖 − 𝜶0 𝛥𝜹𝑝 = 𝛥𝜹𝑠 − 𝑬−1𝛥𝑷𝑠   (4.58) 
4.12 Drift Correction 
 Finite stress increments will produce errors in simulation as they do not compute the 
exact 𝛥𝑷 and 𝛥𝜶 needed to keep the load point on the yield surface during elastoplastic. Over 
several iterations these errors will accumulate to the point that they can have a deleterious effect 
on the accuracy of the simulation. Before this point is reached, a drift correction is performed in 
order to return the load point to the yield surface. This is performed per the work described by 
Potts and Zdrakovic (1999). 
 The drift correction algorithm operates by assuming that the total amount of applied 
displacements (or stress in the original work) remains constant within an iteration of the model. 
The balance of the applied displacements which are taken elastically, and which are taken 
plastically, is changed to produce the correction for both the incremental load, 𝛥𝑷, and the 




Figure 4.14 Demonstration of the return mapping algorithm. At left, a force increment, 𝛥𝑷, results in a state of force that is outside the yield surface after kinematic hardening. 
At right, the force, 𝑷, and the backforce, 𝜶, are corrected by changing the proportion of 
plastic deformation produced by the force increment so that the force vector lies on the 
yield surface. 
 The approach derives from Hooke’s law, equation 3.3, and follows the procedure: 𝛥𝜹𝑒 = 𝑬−1𝛥𝑷 = 𝑬−1(𝑷𝐶 − 𝑷𝐵)   (4.59) 
because the total amount of displacement is not allowed to change this implies 𝛥𝜹𝑝 = −𝛥𝜹𝑒   (4.60) 
and from the flow rule (equation 3.6) it can be shown that 
𝛥𝜹𝑝 = 𝑑𝜆𝑐𝑜𝑟 𝜕𝑃𝜕𝝈   (4.61) 
so therefore 
𝑷𝐶 = 𝑷𝐵 − 𝑑𝜆𝑐𝑜𝑟  𝑬 𝜕𝑃𝜕𝝈   (4.62) 
 Backforce can likewise be determined using this procedure, per equation 4.7, 4.13, and 
4.19: 
𝛥𝜶 = (𝑷 − (𝜶 + 𝒙)) 𝒆𝑇 𝛥𝑷𝒆𝑇 (𝑷 − (𝜶 + 𝒙)) (4.63) 
 enabling the expansion of 𝛥𝑷 as per equation 4.22 to produce 
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𝛥𝜶 = −(𝑷 − (𝜶 + 𝒙)) 𝑑𝜆𝑐𝑜𝑟 𝒆𝑇 𝑬 𝜕𝑃𝜕𝝈𝒆𝑇 (𝑷 − (𝜶 + 𝒙))   (4.64) 
 Given that the corrected state, 〈𝑷𝐶 , 𝜶𝐶〉, is required to lie on the yield surface the 
following equation must be true 𝐹(𝑷𝐶 , 𝜶𝐶) 
= 𝐹(𝑷𝐵 − 𝑑𝜆𝑐𝑜𝑟  𝑬 𝜕𝑃𝜕𝝈 , 𝜶𝛣+(𝑷 − (𝜶 + 𝒙)) 𝑑𝜆𝑐𝑜𝑟 𝒆𝑇 𝑬 𝜕𝑃𝜕𝝈𝒆𝑇 (𝑷 − (𝜶 + 𝒙)) = 0   (4.65) 
for which the correcting proportionality constant, 𝑑𝜆𝑐𝑜𝑟, can be solved as a first order Taylor’s 
series expansion such that 





 This chapter describes the process for estimating appropriate values for the parameters 
used within the proposed model. The descriptions are separated into several categories, in 
particular: 
1. Basic Soil Properties 
2. Ultimate Strength 
3. Dynamic Stiffnesses 
4. Yield Surface Parameters 
5. Hardening Parameters 
5.1 Basic Soil Properties 
 The basic soil properties required to calibrate the model can be subdivided into three 
distinct categories: 
1. Material Properties 
• 𝛾, unit weight 
2. Strength Properties  
• 𝑐, cohesion 
• 𝜑′, angle of friction 
• 𝜓, maximal angle of dilation 
3. Elastic Properties  
• 𝐸, modulus of elasticity 
• 𝜈, Poisson’s ratio 
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 These properties are often determined through ordinary geotechnical investigations and 
provide a reasonable baseline assumption with which the model can be initiated. 
 Unit weight can be measured for a soil sample using several possible methods. Two 
notable methods are the sand cone method and the nuclear density gauge. With the sand cone 
method, a sample is excavated from the earth. The excavation is filled with sand with a known 
density fill the excavation. The weight of the sand used to fill the excavation is measured and 
used to determine the volume of excavation. The collected sample is weighed and the unit 
weight, 𝛾, is determined.  
 Nuclear density gauges are used to directly measure the soil samples in situ. The density 
gauge involves pressing an emitter, at the end of a rod, into the soil and then measuring the 
difference in the amount of scatter between the radiation source and the detector. This provides a 
direct measurement not only of the soil density, but also the water content. 
 Strength properties can be obtained using a triaxial test, a direct shear test, a simple shear 
test, or other techniques. In the triaxial test, a cylindrical specimen is subjected to a three-
dimensional confining stress, 𝜎𝑐, before being subjected to an additional deviator stress, 𝛥𝜎𝑑 . 
The amount of strain in both the axial, 𝜀1, and radial, 𝜀3, dimensions is measured and the stress 
in these same dimensions is calculated as 𝜎1 = 𝜎𝑐 + 𝛥𝜎𝑑 𝜎3 = 𝜎𝑐   (5.1) 
which is additionally demonstrated in. 
 A series of three triaxial tests is often used to construct a diagram of Mohr’s circles at 
different levels of confining stress. In such a diagram, the principal stresses (at failure), 𝜎1 and 𝜎3, are plotted against the shear stress, 𝜏. Connecting the circles with a common tangent line 
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yields the strength parameters of cohesion, 𝑐, and angle of internal friction, 𝜑, as demonstrated in 
Figure 5.2. 
 




Figure 5.2 Mohr’s circle diagrams from triaxial test results. 
 Soil dilatancy is notable as it can cause the soil to either compress or expand during 
shearing. As a result, volumetric strain is observed for many granular materials. The tendency of 
a soil to dilate is measured as the angle of dilation which is demonstrated on an infinitesimal 
element in Figure 5.3.  
 
Figure 5.3 Representation of dilation for an infinitesimal element. 
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 Dilation is challenging to correctly model, εven dense sands can demonstrate a tendency 
to compress if they have enough confinement, and loose sands can demonstrate expansion in the 
absence of confinement. Furthermore, compression often occurs during cyclic loading as 
demonstrated by the experiments of Youd (1972). for the purposes of estimating the dilatant 
behavior which may be observed during shearing this thesis considers the maximum angle of 
dilation, 𝜓. 
 The axial strain, 𝜀1, can be plotted against the volumetric strain, 𝜀𝑣, which demonstrates 
the distinct behaviors for loose and dense materials (Figure 5.4).  The maximum angle of 
dilation, 𝜓, is determined at the maximum slope of the curve 𝜀1 − 𝜀𝑣. 
 
Figure 5.4 Comparison of expansive and compressive behaviors for dense and loose 
sands.  
 Following the work of Obrzud and Truty (2018), the maximum dilation angle can be 
determined from triaxial test results as 
𝜓 = −sin−1 ( 𝑑2 − 𝑑)   (5.2) 
 where 
• 𝑑 is the slope of 𝜀𝑣 with respect to 𝜀1 per Figure 5.4 
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 Orbzud and Truty further describe additional means of estimating the maximum dilation 
angle based on the work of Bolton (1986) as 𝐼𝑅 = 5 𝐷𝑅 − 1          (0   <     𝐼𝑅   <     4) 𝜓 = {3.75𝐼𝑅                             𝑢𝑛𝑑𝑒𝑟 𝑡𝑟𝑖𝑎𝑥𝑖𝑎𝑙 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠6.25𝐼𝑅                    𝑢𝑛𝑑𝑒𝑟 𝑝𝑙𝑎𝑛𝑒 𝑠𝑡𝑟𝑎𝑖𝑛 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠   (5.3) 
 where 
• 𝐷𝑅 is the relative density which is a function of the void ratio 
• 𝐼𝑅 is the relative dilatancy index which is estimated for well-compacted granular 
soils 
 Orbzud and Truty also provide an even simpler method for estimating the dilation angle 
when working with a granular material that has a friction angle, 𝜑, greater than 30° 𝜓 = 𝜑 − 30°   (5.4) 
 The elastic properties of the soil are most readily measured during the initial unloading 
phase of a triaxial test. Bardet (1997) explains how the triaxial test measurements can be used to 
calculate the elastic modulus, 𝐸, and Poisson’s ratio, 𝜈, as described by per the relations 
𝐸 = 𝛥𝜎1𝛥𝜀1 = 𝜎1 − 𝜎3𝛥𝜀1  𝜈 = −𝜀3𝜀1   (5.5) 
 For the purposes of calibrating this model, these parameters should be determined for the 
initial loading condition. These parameters are used to determine the shear modulus as 





5.2 Ultimate Strength 
 The Meyerhof method (1963) estimates the ultimate bearing capacity of a footing with 
width, 𝐵, and length, 𝐿 (such that 𝐿 ≥ 𝐵), with a depth of embedment, 𝐷𝑓 (Figure 5.5). 
 
Figure 5.5 Cross-section of a foundation with eccentric and inclined load, 𝑃, applied.  
The Meyerhof method is applied using the formula 
𝑞𝑢𝑙𝑡 = 𝑁𝑐𝑠𝑐𝑖𝑐𝑑𝑐𝑐 + 𝑁𝑞𝑠𝑞𝑖𝑞𝑑𝑞𝑞 + 𝛾𝐵2 𝑁𝛾𝑠𝛾𝑖𝛾𝑑𝛾   (5.7) 
 where 
• 𝑞𝑢𝑙𝑡 is the ultimate vertical bearing pressure for the foundation, 
• 𝑁𝑐, 𝑁𝑞 ,  𝑁𝛾 are nondimensional bearing factors representing the contribution to 
the bearing capacity due to cohesion (𝑐), overburden (𝑞), and self-weight (𝛾), 
and are calculated per 𝑁𝑐 = (𝑁𝑞 − 1) cot(𝜑′) 
𝑁𝑞 = tan2 (45° + 𝜑′2 ) 𝑒𝜋 tan(𝜑′) 𝑁𝛾 = 1.5(𝑁𝑞 − 1) tan(𝜑′)  (5.8) 
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• 𝑠𝑐, 𝑠𝑞 , 𝑠𝑖 are nondimensional shape factors which modify the bearing capacity 
contributions from cohesion (𝑐), overburden (𝑞), and self-weight (𝛾) based on 
the dimensions of the analyzed foundation, and are calculated per 
𝑠𝑐 = {𝑖𝑓 𝜑′ ≥ 10°      1 + 0.2𝐵𝐿 tan2 (45° + 𝜑′2 )𝑖𝑓 𝜑′ < 10°                                                    1  
𝑠𝑞 = {𝑖𝑓 𝜑′ ≥ 10°      1 + 0.1𝐵𝐿 tan2 (45° + 𝜑′2 )𝑖𝑓 𝜑′ < 10°                                                    1  
𝑠𝛾 = {𝑖𝑓 𝜑′ ≥ 10°      1 + 0.1𝐵𝐿 tan2 (45° + 𝜑′2 )𝑖𝑓 𝜑′ < 10°                                                    1   (5.9) 
• 𝑖𝑐, 𝑖𝑞 , 𝑖𝛾 are nondimensional inclination factors which reduce the bearing 
capacity contributions from cohesion (𝑐), overburden (𝑞), and self-weight (𝛾) 
based on the inclination of the load, and are calculated per 
𝑖𝑐 = 𝑖𝑞 = {𝑖𝑓 𝛽𝑓 ≤ 45°      (1 − 𝛽𝑓90°)2𝑖𝑓 𝛽𝑓 > 45°                           0 
𝑖𝛾 = {𝑖𝑓 𝜑′ ≥ 𝛽𝑓       (1 − 𝛽𝑓𝜑′)2𝑖𝑓 𝜑′ < 𝛽𝑓                      0   (5.10) 
• 𝑑𝑐, 𝑑𝑞 , 𝑑𝑖 are nondimensional depth factors which modify the bearing capacity 
contributions from cohesion (𝑐), overburden (𝑞), and self-weight (𝛾) based on 
the depth of the foundation and are calculated per 
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𝑖𝑐 = 𝑖𝑞 = {𝑖𝑓 𝛽𝑓 ≤ 45°      (1 − 𝛽𝑓90°)2𝑖𝑓 𝛽𝑓 > 45°                           0 
𝑖𝛾 = {𝑖𝑓 𝜑′ ≥ 𝛽𝑓       (1 − 𝛽𝑓𝜑′)2𝑖𝑓 𝜑′ < 𝛽𝑓                      0   (5.11) 
 The following transformations of the ultimate bearing capacity are used to determine the 
amount of shear, normal force, and moment which can be resisted by a footing for a load with 
eccentricity, 𝑒, and inclination, 𝛽𝑓 
𝐹𝑡ℎ𝑒𝑜𝑟𝑦(𝑒, 𝛽𝑓) = [𝐻𝑡ℎ𝑒𝑜𝑟𝑦𝑁𝑡ℎ𝑒𝑜𝑟𝑦𝑀𝑡ℎ𝑒𝑜𝑟𝑦] = [
2 𝑞𝑢𝑙𝑡(𝑒, 𝛽𝑓) 𝐴(𝑒) tan (𝛽𝑓)2 𝑞𝑢𝑙𝑡(𝑒, 𝛽𝑓) 𝐴(𝑒)2 𝑞𝑢𝑙𝑡(𝑒, 𝛽𝑓) 𝐴(𝑒) 𝑒 ]  (5.12) 
 where 
• 𝐴(𝑒) is the effective area of the foundation, for rectangular foundations this is 𝐴(𝑒) = (𝐵 − 2 𝑒) 𝐿 
and for circular footing this is 
𝐴(𝑒) = 2(𝜋𝑅22 − 𝑒√𝑅2 − 𝑒2 − 𝑅2 sin−1 (𝑒𝑅)) 
 The relationship in Figure 5.10 can be exploited to identify the peak values for moment 
and shear capacity of the failure which can be used to populate the ultimate capacity vector, 𝒖, of 
the failure surface described in Section 4.6 per the following relationship 





5.3 Dynamic Stiffnesses 
 Gazetas (1995) describes computational methods for determining dynamic stiffnesses of 
foundations for a variety of configurations. The methods adopted within this thesis are based on 
the simplifications of these methods for circular footings resting on an elastic halfspace 
summarized as: 
𝐸𝐻 = 4𝐺𝐷2 − 𝜈 (1 + 0.5 𝐷2 𝑧) 𝐸𝑁 = 2 𝐺 𝐷1 − 𝜈 (1 + 1.28 𝐷2 𝑧) 
𝐸𝑀 = 𝐺 𝐷33(1 − 𝜈) (1 + 0.17 𝐷2 𝑧)  (5.14) 
 where 
• 𝐺 is the shear modulus of the underlying soil 
• 𝐷 is the foundation diameter 
• 𝜈 is the Poisson ratio of the underlying soil 
• 𝑧 is the depth of the layer of underlying soil above a rigid formation 
 For circular foundations where 𝑧 >> 𝐷 the dynamic stiffnesses can be represented as 
𝐾𝐻 = 4𝐺𝐷2 − 𝜈 𝐾𝑁 = 2 𝐺 𝐷1 − 𝜈  
𝐾𝑀 = 𝐺 𝐷33(1 − 𝜈)  (5.15) 
 Gazetas also produces further methods for computing stiffnesses for foundations of 
arbitrary shape and for foundation embedment within the half-space. While these other methods 
are of practical interest they are not explored in this thesis. 
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 The elastic stiffness parameter, 𝑬, used in the model is then a matrix formulation of the 
dynamic stiffnesses produced in equation 5.15 per 
𝑬 = [𝐾𝐻 0 00 𝐾𝑁 00 0 𝐾𝑀]  (5.16) 
5.4 Yield Surface Parameters 
 The yield surface parameter, 𝒄, is responsible for the relative amount of elastic behavior 
and influences the proportion of plastic displacement which occurs in each direction through the 
application of the flow rule. Small values for the yield surface parameter, 𝒄, are not 
recommended as they will introduce numerical difficulties for cases where the resultant load 
vector, 𝛥𝑷, is not near the backforce evolution, 𝛥𝜶. 
 From equations 4.3 and 4.4 the normal to the yield surface can be evaluated as 
𝜕𝑭𝜕𝑷 =
[  
   
 2(𝐻 − 𝛼𝐻)𝑐𝐻22(𝑁 − 𝛼𝑁)𝑐𝑁22(𝑀 − 𝛼𝑀)𝑐𝑀2 ]  




As any component of 𝒄 is lengthened relative to the other components, the amount of plastic 
deformation increases in the unmodified components. Therefore, the specific values of 𝒄 are not 
important for controlling the model behavior, only the ratios of the components of 𝒄 are 
important. For simplicity, the parameter 𝒄 is selected to be proportional to the size of the failure 




𝒄 = 𝜆 [ 𝒖𝐻𝒖𝑁 + 𝑁0𝒖𝑀 ]  (5.18) 
 where 
• 𝜆 is a nominal sizing scalar 
5.5 Hardening Parameters 
 The parameters which change the hardening behavior within the model are the kinematic 
hardening parameter, 𝒙, and the Richard-Abbott plasticity parameter, 𝑛. The kinematic 
hardening parameter modifies the center of kinematic hardening per equation 4.7 which allows 
for the model to introduce expansive or compressive behavior on pure shear and moment load 
paths. The Richard-Abbott plasticity parameter is used in the computation of the plastic 
hardening modulus per equation 4.41.  
 Translation of the center of movement of the kinematic hardening rule using the 
parameter, 𝒙, allows for the model to introduce compressive or expansive behavior during 
instances of pure shear or pure moment loading for a foundation. During steady state conditions, 
when the load increment, 𝛥𝑷, is equal to the backforce increment, 𝛥𝜶, the translation of the 
center of hardening causes the partial derivative of the yield surface to have a nonzero 
component in the 𝑁 direction while the load increment does not. This is explicitly demonstrated 




Figure 5.6 Demonstration of compressive behavior during pure shear loading, the model 
predicts a plastic deformation vector, 𝛥𝛿𝑝, which is positive in the 𝑁-dimension for a 
load vector, 𝛥𝑃, which has no component in the 𝑁-dimension. 
 At this time there is no conclusive research which describes the procedures for estimating 
the amount of compression or expansion to be expected for a foundation undergoing shearing. 
As a result, the only guidance this thesis can provide is that 𝒙 will typically be positive for most 
specimens as compressive behavior is expected for high- and low-density sands under the 
footing, while expansion occurs in the soil in the passive stress area outside the footprint of the 
foundation in the case of dense sands or stiff clays (Figure 5.7). 
 
Figure 5.7 Failure surface of a shallow foundation demonstrating the following zones; (I) 




MODEL VERIFICATION AND VALIDATION 
 In this chapter, the model is tested for expected behavior. This if performed through the 
following stages; 
1. A parametric study and general discussion of the model 
2. The model is calibrated and used to reproduce the experimental test results of a footing 
with static loading conditions produced in Gottardi et al (1997) 
3. The model is calibrated and used to reproduce the experimental test results of a footing 
with cyclic loading conditions produced in Negro et al. (1999) 
6.1 General Parametric Study 
 In this section, the adjustable parameters are investigated, demonstrating how these 
parameters influence model behavior. The following parameters are investigated: 
• Displacement increment size, 𝛥𝑡 
• Yield surface size, 𝒄 
• Kinematic hardening parameter, x 
 The basic parameters used for this analysis are derived for a one-meter diameter circular 
footing resting on top of a medium dense sandy material with a friction angle, 𝜑′, of 35° and a 
unit weight, 𝛾𝑠𝑜𝑖𝑙, of 18 kN/m3 and a relative density, 𝐷𝑟, of 50% . The model parameters 
10associated for this foundation are described below in Table 6.1.  
Table 6.1 Parameters for macroelement model for parametric study. 
Foundation Dimensions 
Foundation Diameter, D 1 m 





Table 6.1 Continued. 
Soil Material Parameters 
Friction Angle, φ’ 35.0  
Unit Weight, γ 18.0 kN / m3 
Relative Density, Rd 50 % 
Dilatancy Angle, ψ 5.0 ° 
Modulus of Elasticity, Esoil 204.9 MPa 
Poisson's Ratio, νsoil 0.20  
Shear Modulus, Gsoil 85.4 MPa 






3 N m 
x 2.5 x103 N 
Foundation Stiffness Parameter 
EH 42.68 x10
6 N / m 
EN 48.44 x10
6 N / m 
EM 38.41 x10
6 N m / rad 








3 N m 
N0 13.1 x10
3 N 
Hardening Parameters     
nH 1.3  
nN 2.0  
nM 1.0  
 
6.1.1 Influence of Step Size 
 Using a larger step size can reduce the run time the model requires to execute a set of 
instructions. However, using too large a step size can produce inaccurate results and in the worst 
cases cause instability preventing the model from finding a solution. Instabilities can arise when 
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the load increment is relatively large and normal to the constrained direction of the kinematic 
hardening as demonstrated in Figure 6.1. Such a situation produces a load increment for which 
no backforce increment can satisfy the yield relationship.  
 
Figure 6.1 Demonstration of stability challenges, the gray zone represents stress 
increments which converge. 
 In the development of the model, the step size is controlled as a function of time with 
larger step sizes corresponding with larger time steps. In this way the application of forces and 
displacements to the model is controlled using a single parameter. The use of time is not 
intended to convey that the model is simulating dynamic behavior for the parametric study. 
 This study evaluates model performance for a variety of increment sizes and 
demonstrates that the model can produce consistent results for large time steps, ‖𝛥𝑷‖ > ‖𝒄‖. 
Additionally, the model is executed with an active profiler in order to compare the relative 
runtime performance of the model for changes in step size. 
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 The load path applied to the model is selected as an applied vertical load to 80% of the 
footing capacity, 523.8 kN, and then holding the vertical displacement constant applying a 
horizontal displacement to the foundation of 10 cm. This combination of loadings is applied over 
a period of two seconds simulation time, with vertical loading occurring during the first second 
and horizontal loading during the second. The timing is subtly altered for time steps which do 
not evenly divide one second, though this only causes the apparent step size to be increased 
during the horizontal displacement phase. These adjustments are demonstrated in Figure 6.2. 
 
 
Figure 6.2 Demonstration of adjustment made for non-aligning timesteps. 
 This load path was selected because it represents a nontrivial load path which can 




 General outcomes for each test are enumerated in Table 6.2 and several figures are 
produced for the investigation;  
1. vertical load and vertical displacement demonstrated in Figure 6.3,  
2. shear load and horizontal displacement demonstrated in Figure 6.4, and  
3. shear load versus vertical load demonstrated in Figure 6.5.  
Table 6.2 Summary of results for experiments varying the timestep, 𝛥𝑡. Results compare stability 
in vertical displacement, vertical load, and horizontal load at completion of the test. Additionally, 
the program run time is considered as it is significantly influenced by the number of steps taken. 
Run time is evaluated using a computer with the Intel® Core™ i5-7300HQ processor. 
Δt (s) nsteps 
Vertical Displacement 










0.001 2000 1.801 446.1 98.44 1190.71 
0.010 200 1.802 445.7 98.50 83.91 
0.025 80 1.802 445.8 98.48 37.51 
0.050 40 1.802 446.0 98.47 19.44 
0.060 34 1.801 446.0 98.46 17.17 
0.070 29 1.801 446.0 98.45 14.32 
0.080 25 1.801 446.0 98.45 15.03 
0.090 23 1.801 446.0 98.46 13.31 





Figure 6.3 Vertical force versus vertical deformation for a range of timesteps, 𝛥𝑡. 
 




Figure 6.5 Shear force versus vertical force for a range of timesteps, 𝛥𝑡. 
 The results demonstrate stable behavior for steps up to one tenth of a second. While the 
larger step sizes appear to diverge during the initial application of the application of horizontal 
displacement, this is only an artifact of plotting the load-displacement behavior as a line instead 
of as a sequence of points. The large step sizes, in fact, produce results which are comparable to 
the results for smaller step sizes.  
6.1.2 Influence of Yield Surface Size 
 The yield surface parameters, 𝒄, control the size of the yield surface and directly 
influence the behavior of the model. The selection of parameters influences the normal vector 
realized during plastic loading; as a result, the parameters influence the plastic deformation 
produced by the model. 
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 This study evaluates the influence of yield surface dimension compared to observed 
behavior. The model parameters are described in Table 6.1 varying the yield surface in the 
dimensions of 𝐻 and 𝑁 separately while maintaining the kinematic hardening parameter, 𝑥, at a 
value of 75% of the length of the yield surface in the 𝑁 direction. The model is tested using the 
load path described in section 6.1.2 of this dissertation using a time step, Δ𝑡, of 0.05 seconds. 
Table 6.3 describes the sequence of multipliers investigated. 
Table 6.3 Summary of the combination of yield surface shape parameters studied as part of the 
parametric study. 
Test No. {cH, cN } (N) x (N) 
c - 1:1 { 1.07 x103, 3.34 x103 } 2.50 x103 
c - 2:1 { 2.14 x103, 3.34 x103 } 2.50 x103 
c - 4:1 { 4.28 x103, 3.34 x103 } 2.50 x103 
c - 1:2 { 1.07 x103, 6.68 x103 } 5.01 x103 
c - 2:2 { 2.14 x103, 6.68 x103 } 5.01 x103 
c - 4:2 { 4.28 x103, 6.68 x103 } 5.01 x103 
c - 1:4 { 1.07 x103, 13.36 x103 } 10.02 x103 
c - 2:4 { 2.14 x103, 13.36 x103 } 10.02 x103 
c - 4:4 { 4.28 x103, 13.36 x103 } 10.02 x103 
 General outcomes for each test are enumerated in Table 6.4 and several figures are 
produced for the investigation;  
1. vertical load and vertical displacement demonstrated in Figure 6.6,  
2. shear load and horizontal displacement demonstrated in Figure 6.7, and  





Table 6.4 Results summary for varying the relative proportions of the yield surface, 𝒄. 
Test No. 
Vertical Displacement 








c - 1:1 1.802 445.9 98.5 
c - 2:1 1.802 467.8 95.5 
c - 4:1 1.802 486.7 92.4 
c - 1:2 1.802 419.3 101.2 
c - 2:2 1.802 444.5 98.6 
c - 4:2 1.802 466.4 95.7 
c - 1:4 1.802 391.9 103.1 
c - 2:4 1.802 416.4 101.5 
c - 4:4 1.802 441.6 99.0 
 
 
Figure 6.6 Vertical load versus vertical displacement for various ratios of yield surface 
dimensions. The 𝒄 ratio described in the legend is the ratio of the relative size of the yield 




Figure 6.7 Shear force versus horizontal displacement demonstrating how the selection of 
a yield surface which is much longer in the 𝐻-dimension produces a smaller range of 
plastic behavior for the load path considered.  
 




 The results of the study demonstrate that changing the relative size of the yield surface 
does not significantly change the behavior of the model. Test cases c – 1:1, c – 2:2, c – 4:4 all 
produce similar results; likewise, the results of test cases c – 2:1 and c – 4:2 are similar as are the 
results of c – 1:2 and c – 2:4.  
 Changing the relative dimensions of the yield surface, however, does produce observable 
differences. Notably that lengthening the yield surface in the 𝑁 direction increases the total 
amount of vertical force lost during the application of horizontal displacement. This behavior 
also contributes to an increase in hardening of the shear response. The final shear force observed 
for test case c – 1:4 is more than 10% larger than the final shear force for the c – 4:1 test case. 
The lengthening of the yield surface in the 𝑁 direction is also observed to increase the ratio of 𝛥𝐻: 𝛥𝑁 for the early application of the horizontal displacement. 
6.1.3 Influence of the Kinematic Hardening Parameter 
 The purpose of deviating from Ziegler’s classical kinematic hardening rule is applied to 
produce compression or expansion as dictated by conditions. The specific technique involves 
translating the center of kinematic hardening a length of, 𝑥, along the 𝑁 direction of the yield 
surface. Consequentially, kinematic hardening during pure shear loading will produce plastic 
deformation in the 𝑁 direction. When the kinematic hardening parameter, 𝑥, has a positive value 
the model will demonstrate compression, and when this value is negative the model will produce 
dilation. 
 This study of the kinematic hardening parameter evaluates the degree to which the 
expansion or compression can be produced by the model. The study is performed by applying the 
specific load pattern described in section 6.1.2 of this thesis to a model which uses the 
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parameters defined in Table 6.1 while varying the kinematic hardening parameter. The test cases 
evaluated in this pursuit are described in Table 6.5. 
Table 6.5 Sequence of tests run against the kinematic hardening parameter, 𝑥. 
Test No. x (N) 
x : -0.95 cN -3.173 x10
3 
x : -0.75 cN -2.505 x10
3 
x : -0.50 cN -1.670 x10
3 
x : -0.25 cN -834.9 x10
0 
x : 0.00 cN 000.0 x10
0 
x : 0.25 cN 834.9 x10
0 
x : 0.50 cN 1.670 x10
3 
x : 0.75 cN 2.505 x10
3 
x : 0.95 cN 3.173 x10
3 
 
 General outcomes for each test are enumerated in Table 6.6 and several figures are 
produced for the investigation;  
1. vertical load and vertical displacement demonstrated in Figure 6.9,  
2. shear load and horizontal displacement demonstrated in Figure 6.10, and  
3. shear load versus vertical load demonstrated in Figure 6.11.  
Table 6.6 Summary of test results achieved by varying the kinematic hardening parameter, 𝑥. 
Test No. 
Vertical Displacement 








x : -0.95 cN 1.802 527.0 85.8 
x : -0.75 cN 1.802 526.3 85.4 
x : -0.50 cN 1.802 523.8 83.8 
x : -0.25 cN 1.802 523.8 84.9 
x : 0.00 cN 1.802 523.8 84.7 
x : 0.25 cN 1.802 501.2 89.6 




 Table 6.6 Continued. 
Test No. 
Vertical Displacement 








x : 0.75 cN 1.802 441.7 99.0 
x : 0.95 cN 1.802 415.1 101.9 
 
 
Figure 6.9 Vertical load versus vertical displacement for different values of the kinematic 



































Figure 6.10 Shear force versus horizontal displacement for different values of the 
kinematic hardening parameter, 𝑥. 
 
Figure 6.11 Influence of the kinematic hardening parameter, 𝑥, on the load path. Note 
that for negative values of x, in red, the load path indicates expansive behavior, indicated 
by the increase of vertical force while holding the vertical displacement constant. 
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 The above demonstrates how model behavior is impacted by translating the center of 
kinematic hardening along the 𝑁 dimension of the yield surface. The selection of a positive value 
for the kinematic hardening parameter, 𝑥, produces compression under shear load. For the 
applied load path, the vertical deformation is held constant while a horizontal displacement is 
applied, as the material compresses due to the shear load the amount of vertical force necessary 
to maintain the displacement is reduced. This is demonstrated for all positive values of 𝑥 in 
Figure 6.11. 
 Negative values of 𝑥 do not demonstrate the same distinctive pattern in expansion as was 
observed for compression. Instead, the load-displacement relationship becomes less ductile 
resulting in sudden failures as demonstrated in Figure 6.10. The relationship between vertical 
force and horizontal force demonstrates small changes in the vertical force while applying a 
shearing deformation per Figure 6.11. However, the increase in vertical force does indicate that 
the model demonstrates expansion. The lack of conclusive evidence of expansion is possibly 
load path dependent. 
6.2 Monotonic Loading Conditions on Soil-Structure Interaction 
 Gotttardi et al. (1999) performed tests of a circular foundation of diameter 0.1 m resting 
on a test bed of dry Leighton-Buzzard sand. The test bed was filled using a soil raining device in 
order to produce repeatable test beds. The flow of the raining device can be controlled so that a 
target relative density, 𝑅𝑑, can be achieved for the deposition. For the experiments executed in 
this test sequence the target relative density of 75%, all beds in the test sequence achieved a 
relative density between 73.9% and 75.9%.  
 The report describes an estimated, from Bolton (1986), angle of repose, 𝜑, of 42.3° under 
triaxial conditions and 47.8° under plane strain conditions. These values are confirmed 
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experimentally wherein they measure the peak vertical load for the foundation in the range of 
2,000 N to 2,050 N which when backed out produces an angle of friction of 41.3°. 
 The report also observes that there exists a vertical elastic stiffness of about 20 MPa 
during unload and reload cycles, although with some observed nonlinearity. This factor suggests 
a shear modulus, 𝐺0, of about 40 MPa assuming a Poisson’s ratio of 0.2 using the dynamic 
stiffnesses proposed by Gazetas (1995). This value is substantially smaller than measurements of 
shear modulus by Cavallero (2001) and those estimated using any one of the varieties of relative 
density based methods for estimating the shear modulus presented in Orbzud and Truty (2018), 
which suggest a shear modulus in between 80 MPa and 120 MPa. The model parameters for this 
series of experiments is presented in Table 6.7. 
Table 6.7 Model parameters. 
Foundation Dimensions 
Foundation Diameter, D 0.1 m 
Foundation Depth, Df 0 m 
Soil Material Parameters 
Friction Angle, φ’ 47.8 ° 
Unit Weight, γ 18.0 kN / m3 
Relative Density, Rd 75 % 
Dilatancy Angle, ψ 17.8 ° 
Modulus of Elasticity, Esoil 97.0 MPa 
Poisson's Ratio, νsoil 0.20  
Shear Modulus, Gsoil 40.4 MPa 






0 N m 





Table 6.7 Continued. 
Foundation Stiffness Parameter 
EH 2.02 x10
6 N / m 
EN 2.29 x10
6 N / m 
EM 18.18 x10
3 N m / rad 








0 N m 
N0 40.35 x10
0 N 
Hardening Parameters     
nH 1.3  
nN 2.0  
nM 1.0  
 
 Four different types of tests with combined loading were administered in the program;  
1. vertical load tests, 
2. constant vertical displacement tests,  
3. radial displacement tests, and  
4. constant vertical force tests. 
the specific sequence is summarized below in Table 6.8. 
Table 6.8 Test Sequence Summary. 
Test Group 
Test 
Number Description tan-1(2R dδM/dδH) 
Vertical Loading GG11 
Vertical Loading with Unload-
Reload cycles n/a 






Table 6.8 Continued. 
Test Group 
Test 




Vertical Loading to 1600N, 
then Displacement Path along  
1.000 ΔδH : 0.000 ΔδN : 0.000 ΔδM 0 
GG28 
Vertical Loading to 1600N, 
then Displacement Path along  
0.210 ΔδH : 0.000 ΔδN : 0.978 ΔδM 25 
GG05 
Vertical Loading to 1600N, 
then Displacement Path along  
0.072 ΔδH : 0.000 ΔδN : 0.997 ΔδM 54 
GG04 
Vertical Loading to 1600N, 
then Displacement Path along  
0.000 ΔδH : 0.000 ΔδN : 1.000 ΔδM 90 
GG06 
Vertical Loading to 1600N, 
then Displacement Path along  
0.072 ΔδH : 0.000 ΔδN : -0.997 ΔδM 126 
GG29 
Vertical Loading to 1600N, 
then Displacement Path along  
0.229 ΔδH : 0.000 ΔδN : -0.973 ΔδM 157 
GG07 
Vertical Loading to 200N, 
then Displacement Path along  
1.000 ΔδH : 0.000 ΔδN : 0.000 ΔδM 0 
GG08 
Vertical Loading to 200N, 
then apply a displacement path along 




Displacement Path along 
0.717 ΔδH : 0.697 ΔδN : 0.000 ΔδM n/a 
GG20 
Displacement Path along  
0.846 ΔδH : 0.532 ΔδN : 0.000 ΔδM n/a 
GG22 
Displacement Path along  
0.959 ΔδH : 0.282 ΔδN : 0.000 ΔδM n/a 
GG23 
Displacement Path along  
0.000 ΔδH : 0.164 ΔδN : 0.986 ΔδM n/a 
GG21 
Displacement Path along  
0.000 ΔδH : 0.080 ΔδN : 0.997 ΔδM n/a 
GG17 
Displacement Path along  




Vertical Loading to 1600N, 
then Displacement Path along  
1.000 ΔδH : 0.000 ΔδM  




 Vertical load tests simply test the load response of the footing as deformation is applied. 
For both tests executed, displacement is applied past the point of failure demonstrating a 
softening effect. 
 Constant vertical displacement tests, described as swipe tests within the report, involve 
applying a displacement to the footing until a target loading is reached. At this point, the vertical 
displacement is fixed, and a combination of horizontal displacement and rotation is applied at a 
constant ratio. 
 Radial displacement tests are performed by applying a combination displacement from a 
state of no-load. The displacement path is defined as a straight line. 
 Constant vertical load tests are conducted by applying a vertical displacement until a 
target load level is reached. At this point, the amount of load is not allowed to change, and a 
combination of horizontal displacement and rotation are applied at a constant ratio. 
 A graphic depiction of these tests is provided in Figure 6.12 
 
Figure 6.12 Generic concept of test patterns explored. 
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6.2.1 Comparison of Vertical Load Test Results 
 Two distinct applications for vertical loads were considered. In the first example. a 
vertical load of 2 N is applied over 50 steps; and, in the second example, several load reversals 
are evaluated. The test paths reflect the sequences of testing performed in experiments GG26 and 
GG11 respectively. The results for these tests are compared with the experimental results in 
Figure 6.13, which also shows how the proposed model and the experimental data compare with 
the predicted ultimate bearing capacity for the foundation determined using Meyerhof’s model 
(1963). 
   
Figure 6.13 Comparison of vertical force and displacements for tests GG26 and GG11; 
the proposed model is shown in orange and experimental results are shown in green 
(Gottardi et al., 1999). 
Meyerhof (1963) Predicted Ultimate Bearing Capacity, 2,020 N 
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 In principal, the load-displacement curves agree well between the proposed model and 
experimental results. There are two significant differences, (1) the unload-reload stiffness of the 
model is less than what was experimentally observed, and (2) the experimental results 
demonstrate softening after 3 mm of vertical displacement. The softening behavior is an effect 
that cannot be reproduced by the proposed model in its current implementation. 
 Orbzud and Truty (2018) use separate elastic stiffnesses for soil samples undergoing 
virgin loading and unload-reload cycles and propose that the stiffness used for unloading and 
reloading be 2-4 times the stiffness for virgin loading. Variable elastic stiffness has not been 
implemented within the present model and could contribute to the deviation between model and 
experimental results. 
 Additionally, the model demonstrates that as it approaches the ultimate bearing capacity 
determined through the Meyerhof method (1963). The ultimate bearing capacity, 𝑞𝑢𝑙𝑡, was 
evaluated as part of model calibration and found to be 257 kPa and therefore the maximum 
vertical force, 𝑢𝑁, the foundation can resist is 2,020 N. This compares favorably with the 
evaluation in Gottardi et al (1999) which found the capacity to be between 2,000 N and 2,050 N. 
The model asymptotically approaches this value asymptotically, reaching 2,000 N of force at the 
conclusion of the vertical test. Applying further vertical displacement to the model would 
produce a value closer to the calibrated maximum force. 
6.2.2 Comparison of Constant Vertical Displacement Test Results 
 The constant vertical displacement tests involved applying a vertical displacement until a 
desired load level was attained. From this point a combination of lateral and rotational 
displacement was applied to the experimental footing keeping the vertical displacement constant. 
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The proposed model was compared to the experimental results obtained for four loading 
conditions. 
 Figure 6.14 demonstrates the load-displacement relationship predicted by the footing for 
an applied horizontal displacement while in the experimental results are produced. The predicted 
relationship for load case GG03 closely matches the experimental results. The results for GG07 
fail to demonstrate an adequate amount of plasticity and overestimate the failure capacity of the 
footing by 50%.  
 
Figure 6.14 Comparison of shear force and horizontal displacements for tests GG03 and 
GG07; the proposed model is shown in orange and experimental results are shown in 
green (Gottardi et al., 1999). 
 The relationship between vertical force and shear force is demonstrated for these load 
cases in Figure 6.15 for the proposed model and experimental results. The model demonstrates 
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compressive behavior because there is a loss of vertical force as the footing approaches failure. 
The model does not demonstrate the observed levels of compression which cause a precipitous 
drop in the amount of vertical force as shearing begins. 
 Figure 6.16 demonstrates the load-displacement relationship predicted by the footing for 
an applied rotational displacement while in the experimental results are produced. In both cases 
the stiffness is greater than what was demonstrated experimentally, and the predicted peak load 
is larger than was estimated. 
 
Figure 6.15 Comparison of shear force and vertical force for tests GG03 and GG07; the 
proposed model is shown in orange and experimental results are shown in green (Gottardi 




Figure 6.16 Comparison of moment and rotation for tests GG04 and GG08; the proposed 
model is shown in orange and experimental results are shown in green (Gottardi et al., 
1999). 
 Figure 6.17 produces the vertical force to moment relationships predicted by the 
proposed model and measured experimentally for the pure moment load cases. As was observed 
during the shearing, the model demonstrates compressive behavior as it approaches failure. This 
underpredicts the loss of vertical force as was observed with experiment GG04. Experiment 
GG08 demonstrates an increase in the amount of vertical force as a rotation is applied, the 
reasons for this are not explained within their report, but this behavior is precluded in the 




Figure 6.17 Comparison of moment and vertical force for tests GG04 and GG08; the 
proposed model is shown in orange and experimental results are shown in green (Gottardi 
et al., 1999). 
 Figure 6.18 produces a diagram for the load path produced by several constant vertical 
displacement tests in a normalized {𝐻,𝑀} space for the proposed model and based on 
experimental results. While the magnitudes of these load paths are similar for the model and the 
experimental results, the model does not fully reproduce the experimental results. The ultimate 
strength envelope is also produced based on equation 4.6. The ultimate capacity for the proposed 
model does not consider the interaction between shear and moment, and so the model results do 
not demonstrate the same rotated ellipse behavior which was observed in the physical 
experiments. 
 Additionally, the model does not replicate the hardening of the moment reaction relative 
to shear force as observed in the experimental results for experiments GG05, GG06, GG28, and 
GG29. Instead, the model demonstrates the opposite, hardening in shear force relative to 
moment. This difference between the model and the experimental results could be explained as 
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the footing uplifting near failure, which would come into effect as the eccentricity of the applied 
load becomes greater than the kern of the foundation. This behavior would be observed as a 
reduction in the moment capacity of the foundation as less of the foundation remains in contact 
with the soil. Uplift is not accounted for in the proposed model. 
 Furthermore, experimental results present a reduction in both moment and shear force as 
the footing softens, this results in the creation of loops as the softening behavior does not retrace 
the load path. The proposed model does not consider softening effects and therefore does not 
produce similar results. 
 
Figure 6.18 Comparison of shear force and moment for several tests; the proposed model 
is shown in orange and experimental results are shown in green (Gottardi et al., 1999). 
6.2.3 Comparison of Radial Displacement Test Results 
 The radial displacement tests were conducted by simultaneously applying a combination 
of vertical and horizontal displacements or a combination of vertical and rotational 
displacements. The model did not prove robust for this form of loading, predicting stiffer 
behavior and failing to reproduce with reasonable accuracy the general load paths as 
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demonstrated in Figure 6.19 and Figure 6.20 for the combined vertical and horizontal 
displacements, and Figure 6.21 and Figure 6.22 for the combined vertical and rotational 
displacements.  
 
Figure 6.19 Comparison of shear force and horizontal displacement for the radial 
displacement tests which applied a combination of horizontal and vertical displacement; 
the proposed model is shown in orange and experimental results are shown in green 




Figure 6.20 Comparison of shear and vertical force for the radial displacement tests 
which applied a combination of horizontal and vertical displacement; the proposed model 
is shown in orange and experimental results are shown in green (Gottardi et al., 1999). 
 
Figure 6.21 Comparison of moment and rotation for the radial displacement tests which 
applied a combination of rotation and vertical displacement; the proposed model is shown 




Figure 6.22 Comparison of moment and vertical force for the radial displacement tests 
which applied a combination of rotation and vertical displacement; the proposed model is 
shown in orange and experimental results are shown in green (Gottardi et al., 1999). 
 These deviations from the experimental results are not readily explained. The load path 
developed by the model fails to follow the load path developed by the model and suggests that 
the elastic stiffnesses in the 𝐻 and 𝑀 directions can be reduced. This is further supported by the 
stiffness demonstrated in Figure 6.19 and Figure 6.21.  
 However, reducing these elastic stiffnesses is not consistent with the calibrated stiffnesses 
which are based on well accepted theory and accurately replicate the force-displacement 
relationship for alternative load paths for the same experimental study. There is a theoretical and 
experimental basis for increasing stiffness as the mean effective stress increases (Biarez and 
Hicher 1994). Such a consideration is beyond the scope of this study but could allow for the 
model to more faithfully reproduce these results. 
6.2.4 Comparison of Constant Vertical Load Test Results 
 The final load path investigated in Gottardi et al. (1999) involves the application of a 
combined horizontal and rotational displacement to the test foundation while maintaining a 
constant vertical load. It should be noted that the loading mechanism used for these experiments 
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is displacement controlled and maintaining a constant vertical force is achieved using feedback 
control. The use of feedback control introduces some moderate errors as the force drifts by ±10 𝑁.  The results for this simulation are compared in Figure 6.23. 
 It can be observed in the results that the model produces a reasonable approximation for 
the load-displacement relationship for the shear force and horizontal displacement prior to 
softening. The final force is a little underpredicted in this scenario, however the use of a more 
sophisticated failure surface could help resolve this discrepancy. Additionally, the physical 
experiment demonstrates a somewhat less stiff behavior than what was predicted by the model, 
but this discrepancy is not greater than 0.3 mm of displacement prior to yielding. It is possible 
that this difference could be reduced through the use of a more sophisticated yield surface, but 
adjustments to the elastic stiffness or the Richard-Abbott hardening parameter, 𝑛, may also be 
useful in reducing this discrepancy. 
 The vertical versus horizontal displacement plot of Figure 6.24 demonstrates that the 
model does not produce the correct amount of vertical displacement. This behavior is associated 
with the compression of the soil underneath the foundation during shearing, with the experiment 





Figure 6.23 Comparison of shear force versus horizontal displacement for test GG14 
from the proposed macroelement model, in orange, and from Gottardi et al. (1999), in 
green. 
 
Figure 6.24 Comparison of vertical displacement versus horizontal displacement for test 
GG14 from the proposed macroelement model, in orange, and from Gottardi et al. 




 The proposed model produced good approximations for the load-displacement behavior 
of the foundation for three of the four test types during virgin loading; vertical displacement 
tests, constant vertical displacement tests, and constant vertical force tests. During unloading and 
reloading for the vertical load tests it was observed that the model was not stiff enough. This was 
attributed to variable elastic stiffness being unimplemented. The behavior was too stiff for the 
radial displacement tests, producing displacements and rotations which were off by an order of 
magnitude or more.  
 The proposed model developed compression for the constant vertical displacement and 
constant vertical force tests. This is observable in the constant vertical displacement tests as the 
foundation loses vertical force while shear and bending moment are applied, and in the constant 
vertical force tests as a tendency to settle while the shear force is applied. The model was not 
able to achieve the amount of compression which was observed in the experiment for the 
constant vertical displacement tests. 
 It is important to note that the experiments performed by Gottardi et al. were small scale. 
The sample foundation employed in the experiment is 0.1 m in diameter. Consequently, the 
effect of any imperfections in a test bed is exaggerated and may produce unexpected behavior 
which the model cannot and should not be expected reproduce.  
6.3 Cyclic Load Conditions on Soil-Structure Interaction 
 Faccioli et al. (1998) conducted a series of cyclic loading experiments for a foundation 
installed in a large test bed as part of a European test sequence, TRISEE. The test foundation 
consisted of a 1 m by 1 m square foundation as demonstrated in Figure 6.25. This foundation 
was tested for installations on high-density, 85% 𝐷𝑟 , and low-density, 45% 𝐷𝑟, sands using a 
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sequence of three experiments of increasing intensity. The sand was installed using a travelling 
sand spreader with the desired relative density confirmed using several continuous penetration 
tests. 
 
Figure 6.25 Experimental configuration for the TRISEE experiments (Faccioli et al. 
1998). 
 Ticino sands were used for the test beds. Ticino sands are a uniform, subangular sand. 
The friction angle for the installed specimens was estimated per the methods established by 
Brinch, Hansen and Lundgren (1958) which provide a simplified method of determining friction 
angle for sands and gravels. The high-density sample was estimated to have a friction angle, 𝜑′, 
of 39°, and the friction angle for the low-density sample was estimated at 30°. These parameters 
were then used to initiate the parameters for this testing. The parameters were adjusted to find 
the best fit for the most extreme shaking. The final parameters selected are produced in Table 6.9 





Table 6.10 and for the high-density sample. 
Table 6.9 Model parameters used to simulate the low-density TRISEE tests. 
Foundation Dimensions 
Foundation Diameter, D 1.13 m 
Foundation Depth, Df 1.00 m 
Soil Material Parameters 
Friction Angle, φ’ 30.0 ° 
Unit Weight, γ 17.6 kN / m3 
Relative Density, Rd 45%  
Dilatancy Angle, ψ 0.0 ° 
Modulus of Elasticity, Esoil 202.7 MPa 
Poisson's Ratio, νsoil 0.20  
Shear Modulus, Gsoil 84.4 MPa 






3 N m 
x 950.0 x100 N 
Foundation Stiffness Parameter 
EH 67.72 x10
6 N / m 
EN 2.162 x10
6 N / m 
EM 10.91 x10
6 N m / rad 








3 N m 
N0 15.52 x10
3 N 
Hardening Parameters     
nH 0.70  
nN 0.50  






Table 6.10 Model parameters used to simulate the high-density TRISEE tests. 
Foundation Dimensions  
Foundation Diameter, D 1.13 m  
Foundation Depth, Df 1.00 m 
 
Soil Material Parameters  
Friction Angle, φ’ 39.0 °  
Unit Weight, γ 18.1 kN / m3  
Relative Density, Rd 85%  
 
Dilatancy Angle, ψ 9.0 °  
Modulus of Elasticity, Esoil 220.7 MPa 
 
Poisson's Ratio, νsoil 0.20   
Shear Modulus, Gsoil 92.0 MPa 
 
Yield Surface Parameters  
cH 5.154 x10
3 N  
cN 14.10 x10
3 N  
cM 18.79 x10
3 N m  
x 3.172 x103 N  
Foundation Stiffness Parameter  
EH 51.88 x10
6 N / m  
EN 58.88 x10
6 N / m  
EM 118.81 x10
6 N m / rad  
Foundation Strength Parameters  
qmax 2.766 x10
6 Pa  
uH 515.4 x10
3 N  
uN 2.764 x10
6 N  
uM 250.5 x10
3 N m  
N0 55.28 x10
3 N  
Hardening Parameters      
nH 1.3  
 
nN 2.0  
 




 Each sample received an initial vertical load; for the low-density sample this was 100 kN, 
and for the high-density sample 300 kN. The vertical load was applied using an air cushion 
system to maintain a constant vertical load throughout the experiment. Per the experiment report, 
these loads were selected for being consistent with allowable design load levels for shallow 
foundations. Then lateral force and displacement was applied to the top of the beam connected to 
the foundation. Three sequences of cyclic lateral loads were applied to each sample, the specifics 
of the applied load and the results of model simulation are discussed in the following sections.  
6.3.1 Phase I Testing 
 In the first phase of the study, small amounts of shearing (horizontal) force were applied 
to the foundation up to 5% of the applied vertical force. The force was applied in sine-shaped 
waves with a frequency of 0.5 Hz. This loading was reproduced for the model directly as force-
controlled behavior per Figure 6.26. 
 
Figure 6.26 Load cycle applied in simulation, in orange, for TRISEE Phase I testing 

























Force Control (Faccioli et al, 1998)
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 The report produces responses of moment versus rotation for the foundations and the 
amount of settlement observed during cyclic loading. These outcomes are compared with the 
simulation outcomes in 
•  Figure 6.27 for the moment-rotation behavior observed in the low-density sample,  
• Figure 6.28 for the moment-rotation behavior of the high-density sample, and  
• Figure 6.29 for the settlement versus time of both the low-density and high-density 
samples.  
The report does not disclose results for the shear behavior of the foundation during these 
experiments, however this behavior is produced in Figure 6.30 for the low-density sample and in 
Figure 6.31 for the high-density sample for completeness. 
 
Figure 6.27 Comparison of moment versus rotation for the TRISEE Low-Density Phase I 
test; results from the proposed macroelement model, in orange, and from Faccioli et al. 





Figure 6.28 Comparison of moment versus rotation for the TRISEE High-Density Phase I 
test; results from the proposed macroelement model, in orange, and from Faccioli et al. 
(1998), in blue. 
 
Figure 6.29 Comparison of vertical displacement (negative is down) versus time for the 
TRISEE Phase I testing; results from the proposed macroelement model, in orange, and 




Figure 6.30 Prediction of shear behavior of low-density sample for TRISEE Phase I. 
 
Figure 6.31 Prediction of shear behavior of high-density sample for TRISEE Phase I.
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 The model demonstrates good agreement with the experimental results for the high-
density model but under-predicts the amount of rotation by roughly 200 microradians. 
Additionally, the model reproduces the settlement behavior of both the low-density and high-
density samples, however in the case of the low-density sample overpredicts the amount of 
settlement by roughly 0.6 mm. The model demonstrates nonlinear behavior at this low level of 
loading which is consistent with the experimental results. 
 The settlement results for the high-density experiment demonstrate negative settlement, 
this appears to occur during loading reversal. The model has only been developed to demonstrate 
expansive or compressive behavior during shearing and is therefore unable to imitate this 
behavior. 
6.3.2 Phase 2 Testing 
 During the second phase of the experiment, the foundation was subjected to an 
earthquake-like history of horizontal forces based on a measured base-shear response for a 
multistory reinforced concrete structure per Negro et al. (1996). The horizontal forces of the 
second phase were scaled so that the shear did not exceed 20% of the applied vertical load. In 
order to accurately reproduce the intended forces for the load cycle, the load was applied more 
slowly than it was measured. For the low-density sample the time scale was expanded by a factor 
of three, and for the high-density sample the time scale was expanded by a factor of six. In order 
to accurately reproduce the experimental results of the study, this phase was conducted using 
displacement control. Displacements were applied to the model through a 0.9 m lever arm in 
order to achieve the appropriate combination of shear and moment being applied to the 
foundation. The applied displacements were determined by iteratively comparing the simulation 
displacements at the footing (Figure 6.32) with the displacements measured in the experiment 
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note well that the time scale for the low-density sample was expanded by a factor of two in this 
representation. 
 
Figure 6.32 Comparison of lateral displacements versus time for the TRISEE Phase II 
testing, results from the proposed macroelement model, in orange, and from Faccioli et 
al. (1998), in blue. 
 More experimental data is available for this phase of the study and therefore many 
Figures are produced to demonstrate the performance of the model relative to the experimental 
data. The simulation results are compared with the experimental data for shear versus horizontal 
displacement, and moment versus rotation, and for settlement during cycle loading. The specific 
Figures which are devoted to this are: 
• Figure 6.33 compares shear behavior for the low-density sample,  
• Figure 6.34 compares the moment behavior for the low-density sample,  
• Figure 6.35 compares the shear behavior for the high-density sample,  
• Figure 6.36 compares the moment behavior for the high-density sample, and  





Figure 6.33 Comparison of shear force versus horizontal displacement for the TRISEE 
Low-Density Phase II test; results from the proposed macroelement model, in orange, and 
from Faccioli et al. (1998), in blue. 
 
Figure 6.34 Comparison of moment versus rotation for the TRISEE Low-Density Phase 
II test; results from the proposed macroelement model, in orange, and from Faccioli et al. 




               
Figure 6.35 Comparison of shear force versus horizontal displacement for the TRISEE 
High-Density Phase II test; results from the proposed macroelement model, in orange, 
and from Faccioli et al. (1998), in blue. 
 
Figure 6.36 Comparison of moment versus rotation for the TRISEE High-Density Phase 
II test; results from the proposed macroelement model, in orange, and from Faccioli et al. 




Figure 6.37 Comparison of vertical displacement (negative is down) versus time for the 
TRISEE Phase II testing; results from the proposed macroelement model, in orange, and 
from Faccioli et al. (1998), in blue 
 The experimental results of the low-density sample demonstrate significant yielding after 
a shear of 10 kN is established, this suggests that the idealized failure surface may overestimate 
the shear capacity for this foundation. As a result, the simulation demonstrates a pattern of 
behavior which is stiffer than what is indicated by the experimental result because the model 
would find a relative distance which is not close to zero at this threshold and therefore does not 
demonstrate good agreement for the extreme forces. 
 For the high-density sample, the shear behavior of the simulation produces extreme load 
levels similar to the experimental results. The moment behavior is stiffer, resulting a smaller 
amount of rotational displacement than what was observed in the experimental results. 
 The general settlement behavior of the simulation during the application of the cyclic 
load agrees with the results obtained by the study. Although the amount of vertical settlement for 
the low-density sample is underestimated by 4 mm.  
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6.3.3 Phase 3 Testing 
 In phase three, sine-shaped displacements were applied of increasing amplitude so that 
the horizontal force was approximately 40% of the vertical load. This was recreated in 
simulation by applying a sinusoidal deformation to the top of the beam such that the model 
achieved the peak displacements observed in the study. The applied deformations are presented 
in Figure 6.38 for the low-density sample and in Figure 6.39 for the high-density sample.  
 
Figure 6.38 Applied displacements for simulation of TRISEE Phase III, low-density 
sample. 
 
Figure 6.39 Applied displacements for simulation of TRISEE Phase III, high-density 
sample. 
 These load cycles were applied to the model to produce the following results: 
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• Figure 6.40 compares shear behavior for the low-density sample,  
• Figure 6.41 compares the moment behavior for the low-density sample,  
• Figure 6.42 compares the shear behavior for the high-density sample,  
• Figure 6.43 compares the moment behavior for the high-density sample, and  
• Figure 6.44 compares the settlement over time for both low-density and high-density 
samples. 
 
Figure 6.40 Comparison of shear force versus horizontal displacement for the TRISEE 
Low-Density Phase III test; results from the proposed macroelement model, in orange, 





Figure 6.41 Comparison of moment versus rotation for the TRISEE Low-Density Phase 
III test; results from the proposed macroelement model, in orange, and from Faccioli et 
al. (1998), in blue. 
 
Figure 6.42 Comparison of shear force versus horizontal displacement for the TRISEE 
High-Density Phase III test; results from the proposed macroelement model, in orange, 




Figure 6.43 Comparison of moment versus rotation for the TRISEE High-Density Phase 
III test; results from the proposed macroelement model, in orange, and from Faccioli et 
al. (1998), in blue. 
 
Figure 6.44 Comparison of vertical displacement (negative is down) versus time for the 
TRISEE Phase III testing; results from the proposed macroelement model, in orange, and 
from Faccioli et al. (1998), in blue 
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 Because the Phase III results were directly used to fine tune the calibration of the model 
the simulation closely mirrors the experimental results. The shear behavior for the high-density 
sample shows particularly good agreement with model simulation nearly retracing the 
experimental results. Additionally, the amount of settling predicted by the simulation agrees with 
the experimental results. Despite the generally good agreement for these test cases there are 
some notable effects which are not adequately captured by the model. 
 The moment behavior of the low-density sample, in Figure 6.41, exhibits a similar 
amount of rotation in each direction in the TRISEE study. The simulation results produce a 
larger amount of rotation in the negative direction than in the positive direction. This is a 
consequence of the load cycle which was applied. The load cycle, in Figure 6.38, uses an 
increasing negative amplitude, while maintaining a near constant positive amplitude. This was 
done to better simulate the observed shear displacements per Figure 6.40. It is not clear how the 
experimental results came to demonstrate increasing amount of negative horizontal displacement 
without a corresponding increase in the rotation of the foundation. Grange et al. (2007) suggest 
that this effect could be a result of a localized failure. This opinion is supported by the 
observation that the test beds were not recreated between each phase of testing. Thus, the plastic 
deformation observed at the conclusion of the Phase II experiment in Figure 6.33 still exists at 
the start of Phase III loading suggesting the existence of a failure surface in that direction. 
 Inspecting the moment behavior for the high-density sample, in Figure 6.43, the 
simulation results fail to demonstrate the loss of stiffness which is exhibited during the start of 
reload for the most severe loading. This loss of stiffness is potentially due to uplift, a 
phenomenon which is not considered in the proposed model. The dynamic stiffnesses proposed 
by Gazetas per Equation 5.14 support this hypothesis, the stiffnesses are proportional to the area 
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of the footing in contact with the soil. During uplift the foundation loses contact with the earth, 
consequentially there is a stiffness reduction while the foundation regains contact with the earth. 
This equation suggests that this effect should be more evident for rocking as the stiffness is 
proportional to the cube of the diameter. 
 For the low-density sample, and to a much lesser extent the high-density sample, the 
experimental results produce a small loop during the reloading phase. The TRISEE report does 
not specifically describe the origin or the meaning of this behavior. Grange et al. (2007) suggest 
that this may also be a consequence of localized failure; however, it appears to be related to 
effects which occur while the loading is paused between cycles (Figure 6.38 and Figure 6.39). 
This effect is reproduced within the simulation, but the behavior is not robustly captured. Of 
note, is that the behavior appears to occur at an increasingly negative amount of displacement 
after each load cycle. This could suggest that the load cycles used by the simulation are not 
achieving the appropriate amount of plastic deformation for each load cycle. 
 When considering the settlement behavior of the high-density sample in Figure 6.44 there 
are some curious artifacts where the amount of settlement rapidly increases and decreases during 
several windows of time. These windows of time appear to correlate with the application of a 
loading cycle. Additionally, the amplitude of the settlement perturbations increases along with 
the amount of load. It is reasonable to assume that this behavior is tied to the uplift of the 
foundation. 
6.3.4 Discussion 
 The proposed macroelement demonstrated strong agreement for the Phase III loading 
sequence, for which it was specifically calibrated. Using the same parameters for the lower level 
loadings of Phase I and Phase II the model generalizes to an acceptable degree. The ability to 
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generalize could be enhanced by improving the calibration procedures. There is unfortunately a 
dearth of experimental results which limit the ability to produce a more sophisticated 
understanding of the parameters which control the model behavior. 
 It is important to note that the test bed was not recreated for each phase of testing, as a 
result the test bed used in the Phase III test sequence has the load history from the Phase I and 
Phase II studies. This seemingly influences the shear behavior of the footing the low-density 





 This chapter demonstrates that the developed macroelement model can be used for a 
practical dynamic problem. The chapter discusses how the model can be used to produce 
solutions for real world structures subject to dynamic loading.  
7.1 Formulation 
 The process for introducing soil-structure interaction modeling into a finite element 
simulation can be broken down into transforming the soil-structure interaction model into an 
element-like formation which can be included in the assembly process of the finite element mesh 
along with traditional beam-rod elements. Then the mesh is solved for an applied dynamic load 
using a time integration method. For this work, we consider the Newmark β-method which is 
unconditionally stable and allows for large time steps. Because of the nonlinearity of the soil-
structure interaction model, it is necessary to apply Newton-Raphson iteration in order to satisfy 
equilibrium in each step. 
7.1.1 Soil-Structure Interaction Elements 
 The proposed model is converted into an element by considering a two-node nominal 
element with the degrees of freedom of x- and y-translation and rotation. The size of the element 
is nominal as size does not modify the internal parameters of the soil-structure interaction model. 




Figure 7.1 Degrees of freedom for soil-structure interaction macroelement. 
 The specialized soil-structure interaction elements are defined to first consider coordinate 
transformation 𝜹𝑔𝑙𝑜𝑏𝑎𝑙 = −𝜹𝑙𝑜𝑐𝑎𝑙     (7.1) 
 and then the stiffness matrix is 𝑲𝑙 = [ 𝑫𝒆𝒑 −𝑫𝒆𝒑−𝑫𝒆𝒑 𝑫𝒆𝒑 ]     (7.2) 
 Damping is not considered for these elements because damping is integral in the 
nonlinear elastoplastic behavior of the underlying model. Mass of the foundation is considered as 
it is subject to excitation in the same manner as the rest of the structure, however soil mass is 
neglected. 
7.1.2 Structural Elements 
 Structural elements are represented as standard two-node beam-rod elements (Figure 7.2) 
with a stiffness matrix per 
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𝑲𝑙 = 𝐸𝑏𝐿3 [  
      𝐴𝐿
2 0 00 12𝐼 6𝐼𝐿0 6𝐼𝐿 4𝐼𝐿2 −𝐴𝐿2 0 00 −12𝐼 6𝐼𝐿0 −6𝐼𝐿 2𝐼𝐿2−𝐴𝐿2    0 00 −12𝐼 −6𝐼𝐿0 6𝐼𝐿 2𝐼𝐿2 𝐴𝐿2 0 00 12𝐼 −6𝐼𝐿0 −6𝐼𝐿 4𝐼𝐿2 ]  
    
    (7.3) 
 and a lumped mass matrix of 
𝑴𝑙 = 𝑚𝐿2 [  
   1 0 00 1 00 0 0 0 0 00 0 00 0 00 0 00 0 00 0 0 1 0 00 1 00 0 0]  
    
    (7.4) 
 
Figure 7.2 Degrees of freedom for a two-node beam-rod element. 
7.1.3 Assembly 
 Figure 7.1 and Figure 7.2 demonstrate that the soil-structure interaction macroelement 
uses the same degrees of freedom which are used by the typical beam-rod elements. The means 
that the global stiffness and mass matrices of a mesh composed of some combination of soil-
structure interaction macroelements and beam-rod elements does not require any special 
procedures. The macroelements can be directly connected to the beam-rod elements. As an 




Figure 7.3 Simple mesh consisting of a single macroelement and a single structural beam-
rod element. 
 The stiffness matrix for this mesh is 
𝑲 =
[  
   
   
   
   
  𝑫𝐻,𝐻𝑒𝑝 𝑫𝐻,𝑁𝑒𝑝 𝑫𝐻,𝑀𝑒𝑝 −𝑫𝐻,𝐻𝑒𝑝 −𝑫𝐻,𝑁𝑒𝑝 −𝑫𝐻,𝑀𝑒𝑝 0 0 0𝑫𝑁,𝐻𝑒𝑝 𝑫𝑁,𝑁𝑒𝑝 𝑫𝑁,𝑀𝑒𝑝 −𝑫𝑁,𝐻𝑒𝑝 −𝑫𝑁,𝑁𝑒𝑝 −𝑫𝑁,𝑀𝑒𝑝 0 0 0𝑫𝑀,𝐻𝑒𝑝 𝑫𝑀,𝑁𝑒𝑝 𝑫𝑀,𝑀𝑒𝑝 −𝑫𝑀,𝐻𝑒𝑝 −𝑫𝑀,𝑁𝑒𝑝 −𝑫𝑀,𝑀𝑒𝑝 0 0 0−𝑫𝐻,𝐻𝑒𝑝 −𝑫𝐻,𝑁𝑒𝑝 −𝑫𝐻,𝑀𝑒𝑝 𝑫𝐻,𝐻𝑒𝑝 + 12𝐸𝑏𝐼𝐿3 𝑫𝐻,𝑁𝑒𝑝 𝑫𝐻,𝑀𝑒𝑝 + 6𝐸𝑏𝐼𝐿2 −12𝐸𝑏𝐼𝐿3 0 6𝐸𝑏𝐼𝐿2−𝑫𝑁,𝐻𝑒𝑝 −𝑫𝑁,𝑁𝑒𝑝 −𝑫𝑁,𝑀𝑒𝑝 𝑫𝑁,𝐻𝑒𝑝 𝑫𝑁,𝑁𝑒𝑝 + 𝐸𝑏𝐴𝐿 𝑫𝑁,𝑀𝑒𝑝 0 −𝐸𝑏𝐴𝐿 0−𝑫𝑀,𝐻𝑒𝑝 −𝑫𝑀,𝑁𝑒𝑝 −𝑫𝑀,𝑀𝑒𝑝 𝑫𝑀,𝐻𝑒𝑝 + 6𝐸𝑏𝐼𝐿2 𝑫𝑀,𝑁𝑒𝑝 𝑫𝑀,𝑀𝑒𝑝 + 4𝐸𝑏𝐼𝐿 −6𝐸𝑏𝐼𝐿2 0 2𝐸𝑏𝐼𝐿0 0 0 −12𝐸𝑏𝐼𝐿3 0 −6𝐸𝑏𝐼𝐿2 12𝐸𝑏𝐼𝐿3 0 −6𝐸𝑏𝐼𝐿20 0 0 0 −𝐸𝑏𝐴𝐿 0 0 𝐸𝑏𝐴𝐿 00 0 0 6𝐸𝑏𝐼𝐿2 0 2𝐸𝑏𝐼𝐿 −6𝐸𝑏𝐼𝐿2 0 4𝐸𝑏𝐼𝐿 ]  
   
   
   






 Damping is evaluated for the structure after excluding the soil-structure interaction 
macroelements using a simplified version of Rayleigh damping. Rayleigh damping is determined 
for the superstructure as a linear function of mass and stiffness matrices per: 𝑪 = 𝑎0𝑴 + 𝑎1𝑲     (7.6) 
 where 
• 𝑎𝑜 and 𝑎1 are coefficients for a selection of modes of vibration determined by the 
procedures described in Chopra (2007) 
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 For the demonstration of the soil-structure interaction model damping was only applied to 
the mass matrix for a mass proportional solution. This has the convenient property that for the 
selected lumped mass matrices damping terms are only present on the diagonal, all other 
components are zero. 
7.1.5 Newmark Method 
 Newmark (1959) produced an implicit time integration method for dynamics problems 
which can produce unconditionally stable solutions. Explicit solutions for the time integration, 
while less computationally complex, are conditionally stable and require the selection of a time 
step based on the highest frequency mode of the system. For problems with many degrees of 
freedom, and therefore many modes, the required time step can be prohibitively small for explicit 
integration. Newmark’s solution is widely applied to finite element problems in the time-domain. 
The method is based on a Taylor series of expansion of the velocity, ?̇?, and displacement 
components, 𝜹, of the equation of motion 𝑴𝛥?̈? + 𝑪𝛥?̇? + 𝑲𝛥𝜹 = 𝛥𝑷 (7.7)     
 The integration is carried out following the procedures 
?̈?0 = 𝑷0 − 𝑪?̇?0 − 𝜥𝜹0𝜧  𝑲∗ = 𝑲 + 𝛾𝛽 𝛥𝑡 𝑪 + 1𝛽 𝛥𝑡2 𝑴 
for each time step i: 𝛥𝑷𝑖∗ = 𝛥𝑷𝑖 + ( 1𝛽 𝛥𝑡 𝑴 + 𝛾𝛽 𝑪) ?̇? + ( 12𝛽 𝜧 + 𝛥𝑡 ( 𝛾2𝛽 − 1))𝑪 𝛥𝜹𝑖 = 𝛥𝑹𝑖∗𝑲∗  𝛥?̇?𝑖 = 𝛾𝛽 𝛥𝑡 𝛥𝜹𝑖 − 𝛾𝛽 ?̇?𝑖 + 𝛥𝑡 (1 − 𝛾2𝛽) ?̈?𝑖  
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𝛥?̈?𝑖 = 1𝛽 𝛥𝑡2 𝛥𝜹𝑖 − 1𝛽 𝛥𝑡 ?̇?𝑖 − 12𝛽 ?̈?𝑖 𝜹𝑖+1 = 𝜹𝑖 + 𝛥𝜹𝑖 ?̇?𝑖+1 = ?̇?𝑖 + 𝛥?̇?𝑖 ?̈?𝑖+1 = ?̈?𝑖 + 𝛥?̈?𝑖     (7.8) 
 where 
• 𝜹, ?̇?, and ?̈? are the displacement, velocity, and acceleration vectors for the system, 
• 𝑲,𝑪, and 𝑴 are the global stiffness, damping, and mass matrices of the system, 
• 𝛥𝑡 is the time step, and 
• 𝛾, and 𝛽 are parameters which describe the acceleration over a time step 
 In this thesis we apply parameters of 𝛾 = 12 and 𝛽 = 14 which causes Newmark’s method 
to become unconditionally stable. While stability does not guarantee accuracy, it does mean the 
solution converges. 
7.1.6 Newton-Raphson Iteration 
 During elastoplastic deformation it is possible that applying the displacements 
determined via Newmark’s method fails to satisfy the conditions of equilibrium, namely in that 𝑴𝛥?̈? + 𝑪𝛥?̇? + 𝑲𝛥𝜹 ≠ 𝛥𝑷     (7.9) 
Consequently, it is necessary to either use a smaller time step to minimize the amount of error or 





Figure 7.4 The force increment, 𝛥𝑃, fails to reach the expected force when integrating the 
displacement increment, 𝛥𝛿0, in the model. This gives way to a residual force, 𝛥𝑅0, which 
is used to exaggerate the amount of force applied to the model. This process of using 
residual forces continues until the requisite amount of force is reached. 
 The adopted means of satisfying equilibrium in this paper is a Modified Newton-Raphson 
iteration. In modified Newton-Raphson, the stiffness only needs to be calculated for each time 
step, it is not recalculated during the iterations. This method is favored because while modified 
Newton-Raphson requires more iterations to reach convergence, these iterations are relatively 
less costly than recomputing the stiffness matrix for the entire system. 
7.2 Problem Statement  
 Wind turbine towers are a practical problem of interest for simulating soil-structure 
interaction. While turbine towers tend to have very long periods, and therefore are not 
susceptible to an increase in seismic load due to period lengthening, they are frequency 
dependent. However, if the tower has a natural frequency which coincides with a multiple of the 
rotational velocity of the turbine then the structure will develop resonant vibrations. Because 
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soil-structure interaction influences the natural frequency of the structure, it is something that 
should be considered in the design of these towers. 
 The problem investigated is based on a wind turbine tower described in Sassi (2016) 
which produces a model tower based on published information. The tower characteristics are 
summarized in Table 7.1. 
Table 7.1 Wind turbine tower properties. 
Property Value 
Rated Power 2 - 2.5 MW 
Hub Height 78.4 m 
Rotor Diameter 80.0 m 
Rotational Speed 10 - 18 RPM 
Rated Wind Speed 12 m / s 
Gross Mass 200,000 kg 
Tower Material Steel 
Density, 𝜌 7,800 kg / m3 
Modulus of Elasticity, 𝐸 200 GPa 
 The geometry of the tower is produced along with the discretized representation, and wall 
thickness for each element in Figure 7.5. 
 




 In order to confirm the proper behavior of the simulation software, natural frequencies 
were evaluated using several methods including: 
• Modal Analysis 
• Natural Decay 
 For the purposes of validation of the finite element model it is important to appreciate 
that the soil-structure interaction is not applied. This is done so because the validation is 
performed by comparing the model solution with those produced by another means. 
7.3.1 Modal Analysis 
 When a structure vibrates without an applied cyclic load it does so through a combination 
of natural modes of vibration. Each mode is represented as a combination of relative 
displacements or mode shape and a natural frequency at which the mode tends to vibrate. These 
modes can be directly determined through the eigenvalue problem for the equation of motion. 𝑴?̈? + 𝑲𝜹 = 0     (7.10) 
The damping is typically neglected from the equation of motion for modal analysis because it 
simplifies the problem such that structure demonstrates simple harmonic motion, and because for 
most structures of interest the level of damping is not enough to significantly alter the natural 
frequency. The eigenvalue problem for the equation of motion is then  𝑲𝝋𝑛 = 𝜔𝑛2𝑴𝝋𝑛     (7.11) 
 where  
• 𝝋𝑛 are the eigenvectors and represent the mode shapes, and  
• 𝜔𝑛 are the eigenvalues and represent the natural frequencies. 
147 
 
 Therefore, by comparing the eigenvalues from the model solution with those from a 
similar program, it is possible to confirm that the mass and stiffness matrices are correctly 
assembled for the structure. RISA-3D (2019) is used as the evaluation software for this approach. 
RISA-3D is a commercial structural analysis and design software. The model developed in 
RISA-3D is presented in Figure 7.6. The results for each solution are compared in Table 7.2. 
 
Figure 7.6 The wind tower as modeled in RISA-3D (2019). 
 The results of the modal analysis demonstrates nearly perfect agreement between the two 
approaches and confirms that the model is properly constructed. 
Table 7.2 Modal analysis results by source. 
Method First Mode, 𝑓1 Second Mode, 𝑓2  
Model 0.346 Hz 2.895 Hz 
RISA-3D 0.346 Hz 2.897 Hz 
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7.3.2 Free Vibration 
 Using the model solution, it is possible to execute a simulation in which the structure 
vibrates freely. The frequency of the structure can be evaluate based on the displacement 
response of the structure. This type of evaluation helps confirm that the solver is operating as 
expected given a mass matrix and a stiffness matrix. This validation considers a simple 
acceleration input to the structure demonstrated in Figure 7.7. Which then leads to the x-
displacement history for each node of the structure in Figure 7.8. The displacement history 
readily produces waveforms which can then be used to evaluate the natural frequency of the 
structure. 
 
Figure 7.7 Simple base acceleration used to initiate vibration of the structure. 
 
Figure 7.8 Displacement response in the 𝑥-dimension for each node in the model.  
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 From Figure 7.8, two natural frequencies can be evaluated based on the observed 
oscillations. 
𝑓1 = 𝑁𝛥𝑡 = 38.7 𝑠 = 0.34 𝐻𝑧 𝑓2 = 𝑁𝛥𝑡 = 279.3 𝑠 = 2.9 𝐻𝑧     (7.12) 
where 
• 𝑓𝑛 is the natural frequency of the observed 𝑛𝑡ℎ mode related to the eigenvalue 
solution, 𝜔𝑛, through the relation 𝑓𝑛 = 𝜔𝑛2 𝜋     (7.13) 
• 𝑁 is the number of waveforms observed between two timestamps, and 
• 𝛥𝑡 is the amount of time elapsed between the first observed waveform and the 
last. 
 Per Table 7.3, these observed frequencies correlate well with the frequencies which were 
developed using modal analysis and serve to confirm that the developed Newmark solution 
method develops the expected behavior. 
Table 7.3 Comparison of natural frequencies produced via modal analysis and free vibration. 
Method First Mode, 𝑓1 Second Mode, 𝑓2  
Modal Analysis 0.346 Hz 2.896 Hz 
Free Vibration 0.34 Hz 2.9 Hz 
7.3.3 Discussion 
 Two distinct validations were performed which confirmed proper behavior of the 
developed finite element model. These validations identified modes at 0.346 Hz and 2.896 Hz 
which were then used to produce the Rayleigh damping parameter per Chopra (2007) per the 
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following relationship, assuming a 3% critical damping ratio, 𝜉, for a welded steel structure. This 
parameter is used for the subsequent analysis of the structure. 
𝑎0 = 𝜉 2𝜔1𝜔2𝜔1 + 𝜔2 = 0.03 2 ⋅ 0.3462 𝜋 ⋅ 2.8962 𝜋0.3462 𝜋 + 2.9862 𝜋 = 0.0467 
 
    (7.14) 
7.4 Demonstration of Dynamic Soil-Structure Interaction Simulation 
 The influence of the macroelement model is observed by running the simulation for two 
cases; 
1. a fixed base, and 
2. a macroelement model. 
 Steel wind turbine tower foundations require substantial mass to prevent the tower from 
tipping over; consequently, the foundations become very large. The foundation assumed for this 
example is a circular footing assumed to have a depth of 2.0 meters underneath the wind tower, 
which reduces to 0.5 meters at the edge (Figure 7.9). This produces a foundation with a volume 
of 357.5 m3; using normal weight concrete which has a density of 2,242 kg/m3 this produces a 
mass of 800 tonnes for the foundation. This mass is incorporated into the mass matrices used in 
the simulation. The material parameters used in the TRISEE high-density simulations are used 
here in order to estimate the necessary parameters for the macroelement model (Table 7.4). The 
fixed base is simulated by adding large stiffness terms to the diagonal components of the 
stiffness matrix, for sufficiently large stiffness this reduces the displacements at this boundary to 




Figure 7.9 Dimensions of the concrete footing for the wind tower example. 
Table 7.4 Soil-structure interaction parameters for wind turbine tower. 
Foundation Dimensions 
Foundation Diameter, D 20.00 m 
Foundation Depth, Df 2.00 m 
Soil Material Parameters 
Friction Angle, φ’ 39.0 ° 
Unit Weight, γsoil 18.1 kN / m3 
Relative Density, Rd 85%  
Dilatancy Angle, ψ 9.0 ° 
Modulus of Elasticity, Esoil 220.7 MPa 
Poisson's Ratio, νsoil 0.20  
Shear Modulus, Gsoil 92.0 MPa 






6 N m 
x 248.7 x103 N 
Foundation Stiffness Parameter 
EH 919.8 x10
6 N / m 
EN 1.044 x10
9 N / m 
EM 11.04 x10





Table 7.4 Continued. 








9 N m 
N0 86.69 x10
6 N 
Hardening Parameters     
nH 0.90  
nN 1.20  
nM 0.35  
7.4.1 Seismic Load 
 The structure considers the 1940 El Centro earthquake, the accelerogram of this 
earthquake is displayed in Figure 7.10. The El Centro earthquake was a moment magnitude 6.9 
earthquake in the Imperial Valley of southeastern California. This accelerogram is amplified by 
factors of one, three, and ten for the results that follow. The amplification was performed in 
order to demonstrate the influence of the nonlinear behavior included in the proposed model. 
 
Figure 7.10 Accelerogram for the 1940 El Centro earthquake. 
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7.4.1 Results at one times amplification 
 The results for the base accelerogram are produced in the following figures: 
• Figure 7.11 presents the horizontal displacement of the foundation versus time for the 
proposed model, 
• Figure 7.12 presents the rotation of the foundation versus time for the proposed model, 
• Figure 7.13 presents the horizontal displacement of the top of the wind tower versus time 
for both the fixed boundary condition and proposed model, 
• Figure 7.14 presents the shear envelope, which is the maximum observed shear at each 
elevation of the tower, for both the fixed boundary condition and proposed model, 
• Figure 7.15 presents the bending moment envelope, which is the maximum observed 
moment at each elevation of the tower, for both the fixed boundary condition and 
proposed model, 
• Figure 7.16 presents the shear force versus horizontal displacement for the proposed 
model, 
• Figure 7.17 presents the bending moment versus rotation for the proposed model, 
• Figure 7.18 presents the relationship between shear force and bending moment in 
relationship to the failure surface for the proposed model, and 




Figure 7.11 Horizontal displacement at the foundation of the wind tower over time assuming the proposed model (1x 
amplification). 
 




























































Figure 7.13 Horizontal displacement at the top of the wind tower over time. The behavior of the tower supported by the fixed 
boundary condition, at top (green), can be compared with the behavior of the tower supported by the proposed model, at 






























































Figure 7.14 Shear force envelope for the tower, when supported by the fixed boundary 

























































Figure 7.15 Bending moment envelope for the tower, when supported by the fixed 
boundary condition, at left (green), and when supported by the proposed model, at right 
























































Figure 7.16 Shear force versus horizontal displacement at the foundation of the tower 
using the proposed model (1x amplification). 
 


















































Figure 7.18 Relationship between shear force and moment for the proposed model (1x 
amplification). 
 





















































7.4.2 Results at three times amplification 
 The results for the base accelerogram are produced in the following figures: 
• Figure 7.20 presents the horizontal displacement of the foundation versus time for the 
proposed model, 
• Figure 7.21 presents the rotation of the foundation versus time for the proposed model, 
• Figure 7.22 presents the horizontal displacement of the top of the wind tower versus time 
for both the fixed boundary condition and proposed model, 
• Figure 7.23 presents the shear envelope, which is the maximum observed shear at each 
elevation of the tower, for both the fixed boundary condition and proposed model, 
• Figure 7.24 presents the bending moment envelope, which is the maximum observed 
moment at each elevation of the tower, for both the fixed boundary condition and 
proposed model, 
• Figure 7.25 presents the shear force versus horizontal displacement for the proposed 
model, 
• Figure 7.26 presents the bending moment versus rotation for the proposed model, 
• Figure 7.27 presents the relationship between shear force and bending moment in 
relationship to the failure surface for the proposed model, and 




Figure 7.20 Horizontal displacement at the foundation of the wind tower over time assuming the proposed model (3x 
amplification). 
 

























Figure 7.22 Horizontal displacement at the top of the wind tower over time. The behavior of the tower supported by the fixed 
boundary condition, at top (green), can be compared with the behavior of the tower supported by the proposed model, at 






































































Figure 7.23 Shear force envelope for the tower, when supported by the fixed boundary 

























































Figure 7.24 Bending moment envelope for the tower, when supported by the fixed 
boundary condition, at left (green), and when supported by the proposed model, at right 
























































Figure 7.25 Shear force versus horizontal displacement at the foundation of the tower 
using the proposed model (3x amplification). 
 














































Figure 7.27 Relationship between shear force and moment for the proposed model (3x 
amplification). 
 





















































7.4.3 Results at ten times amplification 
• Figure 7.29 presents the horizontal displacement of the foundation versus time for the 
proposed model, 
• Figure 7.30 presents the rotation of the foundation versus time for the proposed model, 
• Figure 7.31 presents the horizontal displacement of the top of the wind tower versus time 
for both the fixed boundary condition and proposed model, 
• Figure 7.32 presents the shear envelope, which is the maximum observed shear at each 
elevation of the tower, for both the fixed boundary condition and proposed model, 
• Figure 7.33 presents the bending moment envelope, which is the maximum observed 
moment at each elevation of the tower, for both the fixed boundary condition and 
proposed model, 
• Figure 7.34 presents the shear force versus horizontal displacement for the proposed 
model, 
• Figure 7.35 presents the bending moment versus rotation for the proposed model, 
• Figure 7.36 presents the relationship between shear force and bending moment in 
relationship to the failure surface for the proposed model, and 




Figure 7.29 Horizontal displacement at the foundation of the wind tower over time for the proposed model (10x amplification). 
 


























































Figure 7.31 Horizontal displacement at the top of the wind tower over time. The behavior of the tower supported by the fixed 




































































Figure 7.32 Shear force envelope for the entire tower, the behavior of tower supported by 
the fixed boundary condition, at left (green), and for the tower supported by the proposed 
























































Figure 7.33 Bending moment envelope for the entire tower, the behavior of tower 
supported by the fixed boundary condition at left (green), and for the tower supported by 
























































Figure 7.34 Shear force versus horizontal displacement at the foundation of the tower 
using the proposed model (10x amplification). 
 




















































Figure 7.36 Relationship between shear force and moment for the proposed model (10x 
amplification). 
 

























































 The fixed boundary condition and proposed model were used to perform the seismic 
analysis of the reference wind tower. For the all levels the proposed model demonstrated greater 
deflections at the top of the tower (Figure 7.13, Figure 7.22, and 7.31). And with the more severe 
shaking the proposed model behavior indicated a large amount of unrecoverable deformation. 
This behavior is consistent with the nonlinear hysteretic behavior which develops in the 
proposed model; the model takes more energy out of the system, due to nonlinearity, as the 
amount of loading increases. 
 The proposed model produced nonlinear behavior for shear forces for all three levels of 
loading (Figure 7.16, Figure 7.25, and Figure 7.34) with increasing plastic behavior as the 
amount of loading increased. The model observed nonrecoverable horizontal deformation for all 
three levels of loading (Figure 7.12, Figure 7.20, and Figure 7.29) which indicate residual 
displacements of 0.4 mm, 9.2 mm, and 71.6 mm respectively. This lead to an increase in the 
amount of shear force which the wind tower would need to resist internally as demonstrated in 
Figure 7.14, Figure 7.23, and Figure 7.32. The increase in shear force is consistent with the 
reduced stiffness at the foundation caused by modeling soil-structure interaction. 
 The proposed model mostly remains linear in rotation. That the model remains linear in 
rotation is somewhat surprising given that the earlier results for the same soil in Chapter 6 
demonstrated nonlinearity both in shear and rotation. However, the model soil is strong relative 
to amount of moment it resists and as result responds nearly elastically. (Figure 7.18, Figure 
7.27, and Figure 7.36). If the moment capacity were to be reduced, the responses would change. 
The bending moment envelopes, in Figure 7.15, Figure 7.24, and Figure 7.33, demonstrate a 
small increase in the amount of moment the tower would have to resist for the proposed model, 
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which is consistent with the larger displacement observed for the more flexible soil-structure 
interaction model. 
 The modeled foundation also demonstrates 0.41 mm, 2.09 mm, and 12.7 mm of 
settlement for each level of shaking. Which is consistent with the observations of Youd (1972), 
which described how cyclic loading can produce compression in even high-density sands. 
Overall, the very low natural frequency of the tower makes it very capable of resisting strong 






 This research was intended to produce a simple and robust model which facilitates the 
rapid and accurate analysis of soil-structure interaction problems. The proposed model would 
take advantage of associative plasticity which has the computationally beneficial property of 
producing symmetric stiffness matrices, while proving capable of simulating coupling and 
nonlinearity in the foundation. The proposed model would be adequate for dynamic simulations 
and easily incorporated into most structure engineering programs. The proposed model would be 
evaluated using experimental results and executing dynamic simulations. 
8.1 Summary of Results 
 Chapter 4 of this dissertation develops a macroelement model using associative plasticity 
for simulating soil-structure interaction during dynamic events. The model implements several 
novel features to better capture the soil-structure interaction behavior. 
 Chapter 5 describes a rough basis for estimating model parameters from common 
geotechnical tests. These techniques were used in calibrating the models used for validation and 
testing. 
 In Chapter 6, the model was validated against two experimental studies; one involving a 
rich set of load paths, Gottardi (1999), and the other involving cyclic loading of a realistic 
foundation, Faccioli et al. (1998). The model demonstrated good agreement with both 
experimental studies but was limited in its ability to replicate one class of load paths in the first 
experimental study. 
 Chapter 7 demonstrated how the model could be incorporated into a finite element 
analysis program. The model was then used to evaluate a wind turbine tower subjected to an 
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earthquake. The model demonstrated nonlinear behavior for the applied shear loads which 
resulted in a decrease in the amount of lateral translation at the base of the tower, the amount of 
internal shear force and bending moment within the tower, and settlement of the tower occurring 
due to shaking. 
8.2 Future Work 
 The model developed in this thesis is simple and delivers on the basic objectives which 
were initially set. The model could gain functionality and applicability through several 
improvements. 
 Enhanced failure surface models, in this thesis a simple failure surface model was 
selected for efficiency. However, many foundations, such as piles, cannot be described for such a 
simple failure surface and require more sophisticated failure surfaces. The model is not 
specifically reliant on one failure surface, which is only used for measuring relative distance. The 
model can readily be applied to other problems if given an alternative failure surface. 
 The model would benefit from a more robust calibration process. Setting hardening 
parameters and yield surface dimensions requires the greatest improvement as these currently 
require specific experimental test results in order to identify. 
 There are further features which could be incorporated into the model such as computing 
elastic stiffness based on confinement and direction of loading, or the proper modeling of uplift 
which would allow for the model to be applied to a broader family of problems. 
8.3 Conclusion 
 This dissertation has produced, validated, and demonstrated a soil-structure interaction 
model which meets the stated objectives of being computationally efficient and accurate. The 
model employs novel approached to kinematic hardening in order to demonstrate compressive, 
178 
 
or expansive, behavior while still using associative plasticity. This is a unique accomplishment 
for macroelement modeling of soil structure interaction which appears to exclusively depend on 
nonassociative plasticity. The model uses a unique concept of relative distance in order to 
determine the plastic hardening modulus and consequentially can produce a wide variety of 
plastic behavior. The model can be extended to represent further configurations of foundations 
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